An optimal quad-tree-based motion estimation and
motion compensated interpolation scheme for video compression
Guido M. Schuster and y Aggelos K. Katsaggelos
Advanced Technologies Research Center
Carrier Systems, 3COM
Mount Prospect, IL 60056
Tel: (847) 222-2486
Fax: (847) 222-0573
Email: Guido Schuster@mw.3com.com
Northwestern University
Department of Electrical and Computer Engineering
McCormick School of Engineering and Applied Science
Evanston, IL 60208-3118
Tel: (847) 491-7164
Fax: (847) 491-4455
Email: aggk@ece.nwu.edu
y

Abstract

In this paper we propose an optimal quad-tree (QT)-based motion estimator for video compression. It
is optimal in the sense that for a given bit budget for encoding the displacement vector eld (DVF) and
the QT segmentation, the scheme nds a DVF and a QT segmentation which minimizes the energy of the
resulting displaced frame dierence (DFD). We nd the optimal QT decomposition and the optimal DVF
jointly using the Lagrangian multiplier method and a multilevel dynamic program. We introduce a new
very fast convex search for the optimal Lagrangian multiplier , which results in a very fast convergence
of the Lagrangian multiplier method. The resulting DVF is spatially inhomogeneous since large blocks
are used in areas with simple motion and small blocks in areas with complex motion. We also propose a
novel motion compensated interpolation scheme which uses the same mathematical tools developed for the
QT-based motion estimator. One of the advantages of this scheme is the globally optimal control of the
tradeo between the interpolation error energy and the DVF smoothness. Another advantage is that no
interpolation of the DVF is required since we directly estimate the DVF and the QT-segmentation for the
frame which needs to be interpolated. We present results with the proposed QT-based motion estimator
which show that for the same DFD energy the proposed estimator uses about 25% fewer bits than the
commonly used block matching algorithm. We also experimentally compare the interpolated frames using
the proposed motion compensated interpolation scheme with the reconstructed original frames. This
comparison demonstrates the eectiveness of the proposed interpolation scheme.

EDICS: IP 1.12 Image Sequence Processing
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1 Introduction
Since the bandwidth of uncompressed video is usually much larger than the available channel capacity,
video compression is one of the enabling technologies behind the multimedia revolution. Video lends itself
to compression because of the high perceptual, temporal and spatial redundancies inherent in a natural
scene. The most common approach to exploit the temporal redundancy is motion compensated prediction.
All current video coding standards 1, 2, 3, 4] are motion compensated video coders (MCVC), where the
current frame is predicted using a previously reconstructed frame and motion information, which needs to
be estimated.
The motion estimation problem for video coding diers from the general motion estimation problem.
There are several reasons for this. First, for video coding, the performance of a motion estimator can be
assessed using a distortion measure, whereas for the general motion estimation problem, such measures are
very hard to dene. Second, for video coding, the displacement vector eld (DVF) has to be transmitted
and therefore the minimization of the distortion should be constrained by the available number of bits to
encode the DVF, whereas for the general motion estimation problem, the constraints are used to enforce
certain desirable properties of the DVF, such as smoothness. Third, for video coding, the resulting DVF
can be arbitrary, i.e., it does not have to correspond to the real motion in the scene, as long as the distortion
is minimized for the available bit rate. The goal of the general motion estimation problem is in strong
contrast to this, since it is to nd the two dimensional projection onto the image plane of the real world
three dimensional motion. Since the three dimensional motion is usually unknown, the performance of the
scheme needs to be evaluated by inspecting the resulting motion eld and making a subjective judgment of
its quality. Another evaluation scheme results if the estimated DVF is used to interpolate a known frame,
against which the interpolated frame is then compared. Clearly the better the DVF describes the real
motion, the closer the interpolated frame matches the known frame. We will use this technique in Sec. 8
to describe the performance of the proposed motion estimator.
Before we go on to describe previous attempts to nd the DVF which results in the smallest energy,
subject to a given rate constraint, we would like to point out that this is part of the bigger optimal
video compression problem. In optimal video compression, we try to allocate the available bit rate among
motion, segmentation and residual error, such that the resulting distortion is minimize, subject to a given
rate constraint. Readers interested in this topic are referred to 5, 6, 7]. Note that in 6] we use motion
estimator proposed in this paper for an optimal video compression scheme.
In 8], the problem of rate-constrained motion estimation is considered and the optimal bit allocation
condition for a strictly convex and everywhere dierentiable multivariate rate distortion function is derived.
It is applied to the problem of optimal bit allocation between the DVF and the displaced frame dierence
(DFD) and a rate-constrained, region-based motion estimator is introduced. The derivation in 8] is true
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to the idea of rate distortion theory, where certain models are assumed and then solutions are derived
based on these models. In this paper, we follow the paradigm of operational rate distortion theory, where
an ecient scheme is derived and its decisions are analyzed such that the resulting overall approach is
optimal 9, 10, 11, 5]. Therefore, we do not assume knowledge of a convex and everywhere dierentiable
multivariate rate distortion function, but instead we deal with nite sets of admissible motion vectors.
This paper is organized as follows: In Sec. 2 we formulate the problem and discuss some of the previous
solution attempts. In Sec. 3 we introduce the necessary notation and the underlying assumptions. In
Sec. 4 we introduce the denition of an ecient scanning path for an arbitrary QT decomposition. We
propose a recursive procedure to generate such a scanning path and we derive a necessary and sucient
condition for the procedure to result in an ecient scanning path. We propose a special scanning path,
based on a Hilbert curve, which guarantees that the resulting blocks are square. In Sec. 5 we formulate
the motion estimation problem and show how the Lagrangian multiplier method can be used to nd the
optimal solutions on the convex hull of the operational rate distortion curve. We propose a very fast convex
search, which is based on a second order Bezier curve, to nd the optimal Lagrangian multiplier. In Sec. 6
we develop a fast algorithm to solve the relaxed problem using dynamic programming (DP). In Sec. 7 we
propose a motion compensated interpolation scheme which is based on a similar mathematical formulation
as the QT-based motion estimator. The proposed scheme directly segments the frame which has to be
interpolated and therefore no DVF interpolation is necessary. In Sec. 8 we compare the proposed QT-based
motion estimator with block matching and evaluate the interpolation scheme by comparing interpolated
frames with reconstructed original frames. Finally, in Sec. 9, we summarize the paper.

2 Problem formulation
All current video coding standards are based on a xed segmentation of the frame into blocks of a given size.
The main advantages of this are simplicity of the algorithm and the fact that no segmentation information
needs to be transmitted. The only exception to this is H.263 when the \Advanced Prediction Mode" is
used. Then there is the option to split the 16 16 block into four 8 8 blocks. The main disadvantage
of a xed and arbitrary segmentation is that it can not accurately represent real objects, and hence the
representation of the scene is not as compact as it could be. Clearly the denser DVF the more complicated
the motion it can represent. The problem, however, in this case is that in many regions of the scene, most
of the motion vectors are identical and therefore not needed to describe the motion accurately.
Hence a natural DVF is inherently inhomogeneous, in the sense that for regions with simple motion,
one motion vector is sucient, whereas in regions with complex motion the DVF should be denser. If
the scene is segmented into blocks of dierent sizes, then a compact representation of the DVF can be
achieved. Since the segmentation information of the frame needs to be transmitted, an ecient method
2

should be used to encode it.
The quad-tree (QT) data structure 12] is commonly used to decompose a given frame into blocks of
dierent sizes, since it enables an ecient representation of the resulting decomposition. A QT starts with
a square block with side length a power of two. This block can be split into four equally sized square
sub-blocks, and only one bit is required to encode the split or lack of it. Clearly this splitting can then be
recursively applied to the sub-blocks until a sub-block is of dimensions 1 1. Hence the entire segmentation
of the frame can be represented by a tree structure, where every node has four children.
The QT structure is an ecient way of segmenting the frame into blocks of dierent sizes. It is therefore
very attractive for the ecient representation of an inhomogeneous DVF. In 13, 14, 15], the QT structure
is used to compactly represent the DVF. In 13] the dense motion eld is represented eciently using
higher order motion models, and the spatial density of the applicability of these models is encoded using
a QT. In 14] the temporal gradient of a pel-recursive motion estimation algorithm is QT encoded and in
15] a QT-based motion estimator is proposed which nds the best QT in the rate distortion sense. Note
that the algorithm proposed in 15] is a direct application of the more general scheme proposed in 16, 17].
The motion estimator we propose is more general and more ecient than the scheme in 15], since it nds
the optimal QT decomposition and the optimal DVF, given that the DVF is rst order dierential pulse
code modulation (DPCM) encoded. The presented algorithm is a generalization of the scheme presented
in 16, 17], since the optimal QT decomposition can be found even when there are dependencies between
the QT leafs.
Note that the variable block size based decomposition of the frame is a good compromise between
the overly complex object-oriented approaches 18], and the overly simple xed block size based schemes.
The object-oriented approaches suer from the fact that it is in general very complex to accomplish joint
segmentation and motion estimation, while the xed block size schemes suer from the inability to represent
complex motion. In addition, the overhead paid for the segmentation of a QT-based scheme is much lower
than the bit rate required to transmit the ne segmentation of an object-oriented scheme, although it is still
substantial considering the fact that a xed segmentation based scheme does not require any segmentation
information to be transmitted.
We propose a new QT-based motion estimator which results in an optimal tradeo between the bit rate
required for the DVF and the resulting DFD energy. The proposed scheme is based on variable block sizes
and therefore the resulting DVF is inhomogeneous. Depending on the available bit rate, the density of the
DVF changes, such that for a high bit rate the DVF is quite dense, whereas for a low bit rate the DVF
is quite sparse. Since the inhomogeneous DVF represents the real motion quite well, we also propose a
motion compensated interpolation scheme which uses a similar mathematical formulation as the proposed
motion estimator. The resulting scheme has the advantage that it oers globally optimal control of the
3

tradeo between the smoothness of the DVF and the resulting interpolation error energy.

3 Notation and assumptions
In this section we introduce the necessary notation and the underlying assumptions. Consider Fig. 1, where
a frame is segmented using variable block sizes and the black curve indicates the feature of interest. The QT
shown in Fig. 2 is used to represent this segmentation. As can be seen in this gure, the QT data structure
decomposes a 2N 2N image (or block of an image) down to blocks of size 2n0 2n0 . This decomposition
results in an (N ; n0 + 1)-level hierarchy (0  n0  N ), where all blocks at level n (n0  n  N ) have size
2n 2n . This structure corresponds to an inverted tree, where each 2n 2n block (called a tree node) can
either be a leaf, i.e., it is not further subdivided, or can branch into four 2n;1 2n;1 blocks, each a child
node. The tree can be represented by a series of bits that indicate termination by a leaf with a \0" and
branching into child nodes with an \1".
Let bli be the block i at level l, and the children of this block are therefore bl;14 i+j , where j 2 0 1 2 3].
The complete tree is denoted by T and a tree node is identied by the ordered pair (l i) (see Fig. 3). This
ordered pair is called the index of the tree node. Each leaf of T represents a particular block in the
segmented frame. For future convenience, let the leafs be numbered from zero to the total number of leafs
in the QT (NT ) minus one, from left-to-right and hence in increasing order of the measure 4l;n0  i (this
ordering of the leafs is indicated by italic numbers in Fig. 3).
Let mli 2 Mli be the motion vector for block bli , where Mli is the set of all admissible motion vectors
for block bli . Let sli = l i mli ] 2 Sil = flg fig Mli be the local state for block bli , where Sli is the
S S N ;l ;1 S be the global state
set of all admissible state values for block bli. Let x = l i m] 2 X = nl=0 N 4i=0
li
and X the set of all admissible state values. Finally let x0  : : :  xNT ;1 be a global state sequence, which
represents the left-to-right ordered leaves of a valid QT T .
The DFD energy D(x0  : : :  xNT ;1 ) is the sum of the individual block energies d(xj ), that is,

D(x0  : : :  xNT ;1 ) =

NX
T ;1
j =0

d(xj ):

(1)

This is true since each block in the current frame is predicted using one motion vector which points to a
block in a previously reconstructed frame. Note that in the rest of the paper we will use the terms DFD
energy and the distortion between the original and predicted frames, interchangeably.
As pointed out in the introduction, the DVF exhibits large spatial correlation, and hence we encode it
using a rst order DPCM. In other words, we allow for a rst order dependency between the QT-leaves
along the scanning path. Because of the variable block sizes, we add the constraint that blocks which belong
to the same parent, need to be scanned in sequence. We discuss the selection of an ecient scanning path
in detail in Sec. 4.
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Based on the rst order DPCM assumption, the DVF rate R(x0  : : :  xNT ;1 ) can be expressed as follows,

R(x0  : : :  xNT ;1 ) =

NX
T ;1
j =0

r(xj;1 xj )

(2)

where r(xj ;1 xj ) is the block rate which depends on the motion vectors of the current and previous blocks,
since the dierence between these two motion vectors is entropy encoded.

4 Ecient scanning path
In this section we consider the problem of nding an ecient scanning path for an arbitrary QT decomposition of a frame. A scanning path is a rule which denes in what order the dierent blocks of a frame are
visited. Since the QT decomposition can change from frame to frame, each frame might require a dierent
scanning path. We propose a procedure for inferring the scanning path from a given QT decomposition.
For this procedure, we derive a necessary and sucient condition which guarantees that consecutive blocks
along the scanning path are always neighboring blocks, that is, they have a common edge. This results in
an ecient encoding of the DVF using a rst order DPCM scheme along the scanning path.

4.1 Eciency
We propose the following denition of an ecient scanning path.

Denition 1 A scanning path is ecient if it connects only neighboring blocks, i.e., blocks which share
an edge, and if it visits each block once and only once.

The motivation behind this denition comes from the observation that an ecient scanning path will lead
to highly correlated successive blocks, since such blocks will always be neighboring blocks. As stated above,
the goal is to encode the DVF using a rst order DPCM scheme along the scanning path, therefore a high
correlation between successive blocks will result in an ecient encoding of the DVF. Note that the recursive
raster scan, which has been traditionally used in the QT decomposition, is not ecient, as can be seen
from Fig. 4d.
As pointed out above, the segmentation changes from frame to frame, therefore no xed scanning path
can be employed. On the other hand, no additional information should have to be transmitted to indicate
which scanning path was used. Therefore, a good scanning path must be inferable from the transmitted
QT and it has to be ecient in the above dened sense. To simplify the search for a good scanning path,
we require that child blocks, which belong to the same parent block, are scanned in sequence. This is the
same condition we introduced in the previous section. In the following section we propose a procedure
to infer a scanning path from the transmitted QT decomposition and derive a necessary and sucient
condition for the procedure to result in an ecient scanning path.
5

4.2 Procedure
Assume that the frame is completely segmented into blocks of the smallest size, i.e., 2n0 2n0 . The QT
representation of this segmentation is a complete tree, where all leafs are of level n0 . Further assume that
the scanning path for this decomposition is known to the encoder and decoder. The scanning path for
any other QT decomposition is dened recursively, by merging four consecutive blocks along the scanning
path at the lower level to form the blocks at the higher level. Note that with this procedure, the resulting
blocks do not need to be square, although at level n0 the blocks are square. An example of this recursive
denition is given in Fig. 11, where the level n0 scanning path is a third order Hilbert scan, which we will
introduce in Sec. 4.3.
This recursive denition of the scanning path results in a scanning path that is inferable from the
QT decomposition and the scanning path of the fully decomposed QT. The following lemma establishes a
necessary and sucient condition on the level n0 scanning path, so that the scanning path created with
the proposed recursive procedure is always ecient.

Lemma 1 If the level n0 scanning path is ecient, and the above recursive procedure is used for the

generation of a scanning path for any QT decomposition, then the resulting scanning path is ecient.

Proof: necessary condition: if it is violated, then the completely decomposed tree (down to level n0 )
would not result in an ecient scanning path since the level n0 scanning path is not ecient.
Proof: sucient condition (by induction): The level n0 scanning path is ecient. Consider an ecient
scanning path. Pick any connected sub-path visiting four blocks. Since the overall scanning path is
ecient, the sub-path is ecient too. By merging the four blocks of the sub-path into a single block, the
neighboring blocks of the four merged blocks are also neighboring blocks of the new single block. Hence
the new scanning path is ecient.

4.3 Ecient scanning path based on a Hilbert curve
In the previous section we have established a procedure and a necessary and sucient condition for generating ecient scanning paths. Clearly there are many dierent ecient scanning paths, since there are many
dierent ecient level n0 scanning paths. As already mentioned, a drawback of the proposed procedure is
that the blocks resulting from the merging procedure may not be square, although the blocks at level n0
are square. In this section we propose an ecient scanning path which results in square blocks, and hence
in the kind of QT decomposition displayed in Fig. 1.
The ecient scanning path we developed is based on a Hilbert curve, also called a Peano curve 19].
A Hilbert curve has a certain order and the rst order Hilbert curve can have one of four orientations,
denoted by 0, 1, 2 and 3. Figure 5 shows the four rst order Hilbert curves with the associated second
6

order Hilbert curves drawn beneath them. Note that each second order Hilbert curve consists of four rst
order Hilbert curves connected by a dotted line and scaled by a factor of 21 .
We propose the generalization of this relationship between rst and second order Hilbert curves using
the following algorithm, which generates a Hilbert curve of order N and shows the close relationship
between a QT and a Hilbert curve. Let Oli 2 0 1 2 3] be the orientation (scanning order of the blocks
bl;14 i+j  j 2 0 1 2 3]) of block bli and let ()4 denote the modulo 4 operation. We propose to create
a Hilbert curve of order N in a Top-Down fashion by calling the function \orient(l,i)" below with the
following parameters: orient(N ,0).
orient(l i)

Ol;14 i+0 = (5 ; Oli )4  Ol;14 i+1 = Oli Ol;14 i+2 = Oli Ol;14 i+3 = 3 ; Oli
if (l ; 1 > 1)
orient(l ; 1 4  i + 0) orient(l ; 1 4  i + 1) orient(l ; 1 4  i + 2) orient(l ; 1 4  i + 3)

This recursion needs to be initialized by the desired orientation of the rst order Hilbert curve, say
ON0 = 0 (Fig. 5a). The resulting orientations at each QT level l, (N  l  1) correspond to a Hilbert
curve of order N ; l + 1, hence at level one, the orientations form a Hilbert curve of order N . In Fig. 6
the recursive generation of a third order Hilbert curve is shown. This curve was generated by orient(3,0).
Hilbert curves have been used in image and video processing as scanning paths on the pixel level in the
luminance domain for lossless coding 20] and lossy coding 21]. They have also been used as a scanning
path for the coecients in the transform domain 22]. In all these cases, the fact that an image, which
is scanned according to a Hilbert curve, creates an one-dimensional representation of the image which is
more correlated than a raster scan, is exploited.
Having dened the relationship between a Hilbert curve and a QT and discussed some properties of the
Hilbert curve, it is clear that when the level n0 scanning path is a Hilbert curve of order N ; n0 , then the
resulting scanning path is ecient and the resulting blocks are square, regardless of the QT decomposition.
Besides resulting in square blocks, the Hilbert scan has also the advantage of being spatially non-disruptive
and hence tends to preserve local pixel correlations better than a raster scan.

5 Optimal QT-based motion estimator in the rate distortion sense
The motion estimation problem for video coding can be stated as the following constrained optimization
problem,
minN ;1 D(x0  : : :  xNT ;1 ) subject to: R(x0  : : :  xNT ;1 )  Rmax 
(3)
x0 :::x
T

where D(x0  : : :  xNT ;1 ) and R(x0  : : :  xNT ;1 ) are dened by Eqs. (1) and (2), respectively. In other
words, we try to nd the inhomogeneous DVF which results in the smallest DFD energy for a given
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maximum bit rate for encoding the DVF. Clearly the optimal state sequence x0  : : :  xNT ;1 identies the
optimal QT decomposition and the optimal DVF, since each state value xj contains the block size, its
location and the associated motion vector.
This constrained discrete optimization problem is generally very hard to solve. Since we deal with
a nite number of QTs and admissible motion vectors, it can clearly be solved by an exhaustive search.
The time complexity for such an exhaustive search is extremely high. We develop a lower bound for the
number of dierent QTs. Let zk be the number of QTs at level k, n0 < k  N . Clearly zn0 +1 = 2, since
the QT has either no children or four children. Furthermore, zn0 +2 = 1 + zn4 0 +1  zn4 0 +1 = 24 , where the 1
stands for the unsplit QT and the zn4 0 +1 represents its four children, each of them can take on zn0 +1 QT
decompositions. Taking this one step further, zn0 +3 = 1 + zn4 0 +2  zn4 0 +2  zn420 +1 = 242 . Therefore, by
induction, 24N ;n0 ;1 is a lower bound for the number of dierent QTs, where (N ; n0 )  1.
To nd a lower bound on the total time complexity we consider the case when the QT is completely
decomposed, i.e., the image is segmented into 4N ;n0 blocks of size 2n0 2n0 . We further assume that the
cardinality jSn0 i j of all admissible local states Sn0 i of the leafs is the same. Hence an exhaustive search,
using only this single QT, requires jSn0 ij4N ;n0 comparisons. Since we have only considered one QT, this
is a lower bound, E (jSn0 i j4N ;n0 ), on the time complexity for all QTs, where E stands for exhaustive
search. We will show that the upper bound of the proposed algorithm is signicantly smaller than this
lower bound for an exhaustive search. Note that when we use the term time complexity, we refer to the
number of comparisons necessary to nd the optimal solution. This does not include the time spent to
evaluate the operational rate distortion functions, since this strongly depends on the implementation.

5.1 The Lagrangian multiplier method
As we have pointed out, an exhaustive search is not a reasonable approach. We propose to use the
Lagrangian multiplier method 23] to solve the constrained problem of Eq. (3). The idea behind this
method is to transform the \hard" constrained optimization problem into a family of \easy" unconstrained
problems, which can be solved eciently. This transformation is achieved by creating a new objective
function, the Lagrangian cost function (J ()). It is the sum of the original objective function and the
constraint, where the constraint is weighted by the Lagrangian multiplier ,

J (x0  : : :  xNT ;1 ) = D(x0  : : :  xNT ;1 ) +  R(x0  : : :  xNT ;1):
The main theorem 23] of the Lagrangian multiplier method states that if there is a
minN ;1 J (x0  : : :  xNT ;1 )
x0  : : :  xNT ;1 ] = arg x0 :::x
T

(4)
such that
(5)

leads to R(x0  : : :  xNT ;1 ) = Rmax , then x0  : : :  xNT ;1 is also an optimal solution to (3). The main
shortcoming of the Lagrangian multiplier method comes from the fact that only solutions which belong
8

to the convex hull of the operational rate distortion curve (or in this case, the rate energy curve) can be
found. Since for the proposed scheme, the convex hull solutions tend to be dense (see Sec. 8), this is not a
problem in practice. Note that the dual problem, which can be stated as follows,
minN ;1 R(x0  : : :  xNT ;1 )
x0 :::x
T

subject to: D(x0  : : :  xNT ;1 )  Dmax 

(6)

can be solved with exactly the same technique using the following relabeling of function names,
R(x0 : : :  xNT ;1 )  D(x0 : : :  xNT ;1 ), D(x0  : : :  xNT ;1)  R(x0 : : :  xNT ;1 ).
Having stated the main theorem of the Lagrangian multiplier method, there are two problems left to
address: rst, how to nd the optimal of Eq. (5) and second, how to solve the unconstrained problem
of Eq. (5) optimally for an arbitrary . In the next section we propose a very fast convex search to nd
and in Sec. 6 we introduce a dynamic programming algorithm to nd the optimal solution to problem (5).

5.2 Very fast convex search based on a Bezier curve
In this section we introduce a very fast search algorithm for the optimal needed in the Lagrangian
multiplier method 24]. It is well known that the rate is a non-increasing function of and hence the
bisection method is a straightforward choice for nding the optimal . The bisection method is an
iterative scheme and hence for every iteration, the solution to the unconstrained problem needs to be
found. Therefore the time complexity of the entire algorithm is directly proportional to the number of
iterations. It is therefore desirable to have as few iterations as possible in nding a good .
The situation at hand is shown in Fig. 7. The proposed iterative search makes use of the fact, that
for a dierentiable rate distortion curve, the derivative is equal to ;1
 . Assume that the bracketing points
P0 = (D0  R0 ), P2 = (D2  R2 ) and the derivatives at these points, d0 and d2 , respectively, are given.
The goal is to approximate the convex hull between P0 and P2 as accurately as possible, so that this
approximation can be used to estimate the derivative dmax at Rmax . This estimate of the derivative d^max

;1
is then used to generate the new = d^max
for the next iteration.
In 25] a fast convex search is used, which is based on the theorem of the Lagrangian multiplier
method 23]. The graphical interpretation of the theorem is, that given two points on the convex hull
and their respective s, the slope of the line connecting the two points lies between the slope implied by
the s of the points. The search in 25] can be interpreted as approximating the convex hull with a straight
line between P0 and P2 , which is not the best possible approximation since the knowledge of d0 and d2
(the negative inverses of the previous s) is not used.
A good approximation to the convex hull is a function which goes through the given bracketing points
P0 and P2 and matches the derivatives d0 and d2 at these points. Also the approximation should be convex,
dierentiable, and in closed form. A parabola would be an ideal choice but it has only three degrees of
freedom which is in general not enough to match four independent requirements (P0  P2  d0  d2 ). A second
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order Bezier curve 26] is a parabola which can be tilted in any direction in the plane, hence it has an
additional degree of freedom and can therefore match the four independent requirements. A second order
Bezier curve is of the following parametric form,

P (u) = (1 ; u)2  Pa + 2  (1 ; u)  u  Pb + u2  Pc:

(7)

By setting Pa = P0 and Pc = P2 , two of the four conditions are immediately satised, i.e., P (0) = P0 and
P (1) = P2 . The point Pb can be chosen so that the two derivative conditions are satised. The derivative
of the second order Bezier curve is,
1)  R0 + (1 ; 2  u)  Rb + u  R2 :
d(u) = ((uu ;; 1)
 D + (1 ; 2  u)  D + u  D

(8)

Rb ; R0
d0 = d(0) = D
;D

(9)

R2 ; Rb 
d2 = d(1) = D
;D

(10)

(R2 ; d2  D2 ) 
Db = (R0 ; d0  Dd0 ) ;
;d

(11)

d0  (R2 ; d2  D2 ) :
Rb = d2  (R0 ; d0  Dd0 ) ;
;d

(12)

b

0

Therefore

b

and
which leads to Pb = (Db  Rb ) where,

and

0

b

2

2

2

2

0

0

As can be seen in Fig. 7, Pb is the point where the two tangents of P0 and P2 intersect.
Since the goal is to nd d^max , the derivative of P (u) has to be evaluated at Rmax . Hence umax has to
be found rst which leads to P (umax ) = (Dmax  Rmax ). It is found by solving the quadratic equation Eq.
(7), to obtain,

s

(Rb ; R0 )2
; R0
R0
+ (R ;RRmax

(13)
umax = ; (R ; RRb) ;
2
;
(
R
;
R
)
((
R
;
R
)
;
(
R
;
R
))
)
;
2
0
2
0
2
b
b
b
b
b (Rb ; R0 )
where umax is picked such that 1  umax  0. When (R2 ; Rb ) ; (Rb ; R0 ) equals zero, umax =
(Rmax ; R0 )=(2  (Rb ; R0 )). Hence the estimate of the derivative at Rmax , is given by d^max = d(umax ).


The search for the optimal follows the bisection method, but instead of setting the new equal to
;1
the average of the old s, the new is set equal to d^max
. Clearly the proposed search uses all information
available (the two bracketing points, the derivatives at the two bracketing points and the convexity property
of the rate distortion curve), to nd the new in the bisection iteration. Therefore we expect this search
to outperform other bisection schemes, which do not use as much information for selecting the new .
As mentioned above, the straightforward approach is to use the arithmetic mean for the new . Another
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popular scheme uses the geometric mean and the fast convex search proposed in 25] selects the new
according to a straight line approximation of the rate distortion curve.
Clearly, the speed of convergence depends on the particular rate distortion curve, the required accuracy,
the initial starting points and the desired rate. In order to test the four dierent searches in a controlled
fashion, we use the well known 27] rate distortion curve R(D) = ;0:5 ln(D), 0 < D < 1 of a discrete
Gaussian source, which consists of independent and identically distributed Gaussian random variables with
zero mean and unit variance, and the distortion measure is the mean squared error. Note that this function
is neither a straight line nor a quadratic, so neither the line based search nor the proposed search should have
an inherent advantage. We dene the accuracy A as the size of the absolute error between the resulting
rate Rreal and the desired rate Rmax in percent of Rmax , hence A = jRmax ; Rreal j=Rmax . As initial
bracket, we select D0 = 0:01 and D2 = 0:99, which results in R0 = ;0:5 ln(D0 ) = 2:3, 0 = 2D0 = 0:02,
and R2 = ;0:5 ln(D2 ) = 0:005, 2 = 2D2 = 1:98. We randomly select Rmax between R0 and R2 , (in other
words, Rmax is uniformly distributed between R0 and R2 ), and run each of the four search algorithms until a
solution is found which is within the specied accuracy. We run this experiment for 1000 000 dierent Rmax s
and in Table 1 we report the average number of iterations required for each scheme using four dierent
accuracies, 10%, 1%, 0.1% and 0.01%. As can be seen from Table 1, the proposed search signicantly
outperforms all other searches by a factor ranging from two to four. Note that all four algorithms show the
expected logarithmic speed of convergence, in that increasing the accuracy exponentially, only increases
the number of required iterations linearly. Further notice that the gain of the geometric mean and the
line approximation over the arithmetic mean is mostly in how quickly they get within 10% of the solution.
From then on out, all three, the arithmetic mean, the geometric mean and the line approximation require
about 3 iterations to increase the accuracy by a magnitude.
The proposed search is in strong contrast to this. Not only is it within 10% accuracy twice as fast
as the nearest competitors, but it also requires only 0.5 iterations, on average, to increase the accuracy
by a magnitude. These results, based on a particular rate distortion function, are also re!ected in our
experiments with the proposed optimal QT motion estimator, where the iterative search which is based
on the second order Bezier approximation exhibits a very fast convergence and hence we call it the \very
fast convex search".

6 Optimal solution of the unconstrained problem by multilevel dynamic programming
6.1 Multilevel trellis

The form of the objective function of the optimization problem of Eq. (5) suggests that dynamic programming (DP) should be used to nd the optimal solution eciently. To be able to employ forward DP
11

(the Viterbi algorithm), a DP recursion formula needs to be established. A graphical equivalent of the
DP recursion formula is a trellis where the admissible nodes and the permissible transitions are explicitly
indicated. Consider Fig. 8 which represents the multilevel trellis for a 32 32 image block (N = 5), with
a QT segmentation developed down to level 3 (n0 = 3, block size 8 8). The QT structure is indicated by
the white boxes with the rounded corners. These white boxes are not part of the trellis used for the Viterbi
algorithm but indicate the set of admissible state values Sli for the individual blocks bli . The black circles
inside the white boxes are the nodes of the trellis (i.e., the state values sli ). Note that for simplicity, only
two trellis nodes per QT node are indicated, but in general, a QT node can contain any number of trellis
nodes. The auxiliary nodes, start and termination (S and T) are used to initialize the DPCM and to select
the path with the smallest cost.
Each of the trellis nodes represents the prediction of the block it is associated with using a dierent
motion vector. Since the state of a block is dened to contain its level and number within that level (which
identies the blocks size and its position in the frame), and its motion vector, each of the nodes contains
the distortion occurring when the associated block is predicted using the node's motion vector.
As can be seen in Fig. 8, not every trellis node can be reached from every other trellis node. By
restricting the permissible transitions, we are able to force the optimal path to select only valid QT
decompositions. Such valid decompositions are based on the fact that at level l, block bli can replace
four blocks at level l ; 1, namely bl;14 i+0  bl;14 i+1  bl;14 i+2 and bl;14 i+3 . As we will see later in this
section, the QT encoding cost can be distributed recursively over the QT so that each path picks up the
right amount of QT segmentation overhead.
Assume that no QT segmentation is used and the block size is xed at 8 8. In this case, only the
lowest level of the trellis in Fig. 8 is used. The transition costs between the trellis nodes would be the rate
required to encode the dierences between consecutive motion vectors along the scanning path weighted
by the Lagrangian multiplier . Assume now that the next higher level, level 4, of the QT is included.
Clearly the transition cost between the trellis nodes of level 3 stay the same. In addition, there are now
transition costs between the trellis nodes of level 4 and also transition cost from trellis nodes of level 3
to trellis nodes of level 4 and vice versa, since each cluster of four blocks at level 3 can be replaced by a
single block at level 4. The fact that a path can only leave and enter a certain QT level at particular nodes
results in paths which all correspond to valid QT decompositions. Note that every QT node in a path is
considered a leaf of the QT which is associated with this path.
In this example, a tree of depth 3 has been used to illustrate how the multilevel trellis is built. For
QTs of greater depth, a recursive rule has been derived which leads to the proper connections between the
QT levels. Since the Viterbi algorithm is a forward dynamic programming scheme, the optimal solution is
found by going through the multilevel trellis from left to right. At any epoch of the Viterbi algorithm, the
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shortest path is found, over the set of all admissible nodes of the previous epoch (say Fli ), to every node
in the set of all admissible nodes at the current epoch (say Tli).
These two sets, at each epoch, the \from" set Fli and the \to" set Tli can be constructed recursively
from the sets of the admissible state values Sli for each block bli . Consider Fig. 9 which shows a QT
node and its four children. The Tli set contains all the trellis nodes for which a transition from the left is
permissible and Fli contains all the trellis nodes for which a transition to the right is permissible. Clearly
for the top QT level N , TN0 = SN0 and FN0 = SN0 , which is the initialization of the recursion. As we
will see in Sec. 6.2, only the sets at level n0 will be used in the Viterbi algorithm since they dene the
permissible transitions which in turn enforce the QT structure. These sets can be generated recursively in
a Top-Down fashion by calling the function \sets(l i)" below with the following parameters: sets(N ,0).
sets(l i)

Tl;14 i+0 = Tli Sl;14 i+0  Fl;14 i+0 = Sl;14 i+0  Tl;14 i+1 = Sl;14 i+1 Fl;14 i+1 = Sl;14 i+1 
Tl;14 i+2 = Sl;14 i+2  Fl;14 i+2 = Sl;14 i+2 Tl;14 i+3 = Sl;14 i+3  Fl;14 i+3 = Fli Sl;14 i+3
if (l ; 1 > n0 )
sets(l ; 1 4  i + 0) sets(l ; 1 4  i + 1) sets(l ; 1 4  i + 2) sets(l ; 1 4  i + 3)

In the presented multilevel trellis, the nodes of the respective blocks hold the information about the
distortion occurring when the associated block is predicted using the motion vector of the node. The
rate needed to encode the dierence between the motion vectors is incorporated into the transition cost
between the nodes (weighted by the Lagrangian multiplier ), but so far, the rate needed to encode the
QT decomposition has not been addressed.
Since the Viterbi algorithm will be used to nd the optimal QT decomposition, each node needs to
contain a term which re!ects the number of bits needed to split the QT at its level. Clearly, trellis nodes
which belong to blocks of smaller size have a higher QT segmentation cost than nodes which belong to
bigger blocks.
When the path includes only the top QT level N , then the QT is not split at all, and only one bit is
needed to encode this. Therefore its segmentation cost, AN0 , equals one. For the general case, if a path
splits a given block bli then a segmentation cost of Ali + 4 bits has to be added to its overall cost function,
since by splitting block bli , 4 bits will be needed to encode whether the four child nodes of block bli are
split or not. Since the path only visits trellis nodes and not QT nodes, this cost has to be distributed to
the trellis nodes of the child nodes of block bli . How the cost is split among the child nodes is arbitrary
since by the recursive denition of the Fli and Tli sets, every path which visits a sub-tree rooted by one
child node, also has to visit the other three sub-trees rooted by the other child nodes. Therefore the path
will pick up the segmentation cost, no matter how it has been distributed among the child nodes. Since
the splitting of a node at level n0 + 1 leads to four child nodes at level n0 , which can not be split further,
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no segmentation cost needs to be distributed among its child nodes.
These segmentation costs can be generated recursively in a Top-Down fashion by calling the function
\seg(l i)" below with the following parameters: seg(N ,0). The recursion needs to be initialized with
AN0 = 1.
seg(l i)

Al;14 i+0 = Ali + 4 Al;14 i+1 = 0 Al;14 i+2 = 0 Al;14 i+3 = 0
if (l ; 1 > n0 )
seg(l ; 1 4  i + 0) seg(l ; 1 4  i + 1) seg(l ; 1 4  i + 2) seg(l ; 1 4  i + 3)

Note that in the above function, the segmentation cost is distributed along the leftmost child. As
mentioned before, any other assignment of the segmentation cost will lead to the same result. Furthermore,
since in the Lagrangian cost function the rate and distortion are merged by adding the rate, weighted by
the Lagrangian multiplier, to the distortion, the segmentation rate also needs to be weighted by .
The recursion involved in the assignment of the encoding cost is illustrated in Fig. 10. Having established
the multilevel trellis, the forward DP algorithm can be used to nd the optimal state sequence x0  : : :  xNT ;1
which will minimize the unconstrained problem (5). The Viterbi algorithm simply nds the shortest path
from S to T, where the distance is measured as the sum of the node distortions d(xj ) plus the sum of the
weighted segmentation and DVF encoding rates,  r(xj ;1 xj ). Hence the Viterbi algorithm nds the
optimal solution to the following minimization problem,

0NT ;1
1
X
minN ;1 @
(d(xj ) +  r(xj ;1 xj ))A 
x0 :::x
T

j =0

(14)

which is equivalent to the unconstrained problem (5).

6.2 Dynamic programming recursion formula
In the previous section, the multilevel trellis has been established which is a graphical equivalent of the
DP recursion formula which is derived in this section. Again, each node xj of the multilevel trellis contains
d(xj ), the distortion (DFD energy) resulting by predicting the corresponding block bli using the motion
vector mli , which together with the level l and block number i denes the node. As shown in the previous
section, each node also contains RSEG(xj ) = Ali , which is the recursively distributed QT encoding cost.
In addition to that, the transition cost RDV F (xj ;1  xj ) is the number of bits required for the encoding of
the DPCM error between node xj ;1 and node xj , where xj ;1 2 Fn0 j ;1 and xj 2 Tn0 j . The dependency
between the blocks is expressed by this term and it is the reason for using DP to solve the optimization
problem. Note that r(xj ;1 xj ) in Eqs. (2) and (14) equals,

r(xj ;1 xj ) = RSEG(xj ) + RDV F (xj;1 xj ):
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(15)

Let j (xj ;1  xj ) be the Lagrangian block cost function which is dened as follows,

j (xj;1  xj ) = d(xj ) +  r(xj ;1 xj ):

(16)

Hence the total Lagrangian cost function can be calculated as follows,

J (x0  : : :  xNT ;1) =

NX
T ;1
j =0

j (xj ;1  xj ):

(17)

The goal of DP is to nd the optimal state sequence x0  : : :  xNT ;1 which will minimize Eq. (5), which
is equivalent to minimizing Eq. (17). Let jk (xk ) be the minimum Lagrangian cost up to and including
epoch k,
k
X
jk (xk ) = x0 :::x
mink;1 j (xj ;1  xj )
(18)
j =0

where the epochs count the blocks bn0 k , hence 4N ;n0 ; 1  k  0, and x;1 = S , the auxiliary starting
node. The motivation behind this denition is the fact that j4N ;n0 (T ) is the minimum cost required to
traverse the trellis from (S) to (T), which is equivalent to minimizing J () in Eq. (17). From Eq. (18)
follows that,

jk+1(xk+1 ) = x0min
:::xk

kX
+1
j =0

j (xj ;1  xj )

8
19
0k
=
<
X
@
= min
min
j
(
x
j
;1  xj ) + j (xk  xk+1 )A

xk :x0 :::xk;1
j =0
8
9
0
1
k
<
=
X
@
= min
min
j
(
x
j
;1  xj )A + j (xk  xk+1 ) 

xk :x0 :::xk;1
j =0

(19)
(20)
(21)

which results in the DP recursion formula,

jk+1(xk+1) = min
xk (jk (xk ) + j (xk  xk+1 )):

(22)

Having established the DP recursion formula, the forward DP algorithm can be used to nd the optimal
state sequence. Note how the Fn0 i and Tn0 i sets are used to establish the connections between the layers
of the multilevel trellis. The utilization of these sets constrains the admissible paths to represent a valid
QT.
1. Initialization: for all x0 2 Tn0 0 do,

j0 (x0 ) = j (S x0 )

(23)

where S represents the starting node, i.e., an auxiliary node representing the convention for starting
the DPCM. A pointer, i(xk ) is introduced, which is used to keep track of the optimal path,

i(x0 ) = S:
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(24)

2. Recursion: for k = 0 : : :  4N ;n0 ; 2 and for all xk+1 2 Tn0 k+1 do,

jk+1 (xk+1 ) = x min
(jk (xk ) + j (xk  xk+1 ))
2F

(25)

i(xk+1 ) = arg x min
(jk (xk ) + j (xk  xk+1 ))
2F

(26)

k

k

n0 k

n0 k

3. Termination:

j4N ;n0 (T ) = x

4N

min
(j (x N ;n0 ;1 ) + j (x4N ;n0 ;1  T ))
;n0 ;1 2Fn0 4N ;n0 ;1 k 4

(27)

where T is an auxiliary terminal node used to nd the minimum of all optimal cost functions at
epoch 4N ;n0 ; 1, since for our purpose, j (x4N ;n0 ;1  T ) = 0. Again the back pointer is calculated

i(T ) = arg x

4N

min
(j (x N ;n0 ;1 ) + j (x4N ;n0 ;1  T )):
;n0 ;1 2Fn0 4N ;n0 ;1 k 4

(28)

4. Backtracking: the pointer i is used to backtrack the optimal state sequence.

k = NT  xk = T
do: k  k ; 1 xk = i(xk+1 )
until:
xk = S:

initialize:

This leads to the optimal state sequence x0  : : :  xNT ;1 .
In Fig. 10, a QT of depth 4 is displayed and the optimal state sequence is indicated which leads to the
segmentation shown in Fig. 11. Note that the resulting scanning path is ecient and the segmentation
cost along the optimal path adds up to 13 bits, which is the number of bits needed to encode this QT
decomposition. The bit stream for this QT decomposition is \1010000011001". The time complexity of
DP is ODP (4N ;n0  jSn0 ij2 ) which is signicantly smaller than the lower bound for the exhaustive search
E (jSn0 i j4N ;n0 ). Note that we again have assumed that all the Sli sets are of the same cardinality.

7 Motion compensated interpolation
In this section we propose a scheme for motion compensated interpolation which uses a similar mathematical
formulation as the optimal QT-based motion estimator. Besides being a very general problem in digital
video research, motion compensated interpolation can be used in the context of very low bit rate video
coding to increase the displayed frame rate. In very low bit rate coding, it is very common to down-sample
the original sequence in the temporal direction. In fact the most popular frame rates are 7.5 and 10 frames
per second, or in other words, only every fourth or third frame of the original 30 frames per second sequence
is encoded.
16

The down-sampling results in some jerkiness since the human observer starts to notice the single frames.
The displayed frame rate can be increased by interpolating missing frames using motion compensated
interpolation. The problem with motion compensated interpolation is that if an error is made, it will be
clearly visible in the sequence since human observers are very sensitive to irregularities along the temporal
direction. As pointed out before, the QT-based motion estimator results in a motion vector eld which is
very close to the actual eld and therefore a similar mathematical formulation can be used for the motion
compensated interpolation.

7.1 Regular grid approach
The idea behind the proposed motion compensated interpolation scheme can be explained by considering
Fig. 12. In it the left most frame f^0 and the right most frame f^N are the available frames (reconstructed
frames at the decoder). The frames between these two frames are the ones we wish to interpolate. For
example, in Fig. 12, frame 1 is the frame being interpolated. The most common approach for motion
compensated interpolation is to nd the DVF between the left most and right most frames and then use
this motion information to interpolate the frames in between. One problem with this approach is that the
DVF needs to be spatially interpolated for the interpolated frames, since one cannot guarantee that the
DVF will fall onto grid points in these frames. In the proposed approach, we avoid this problem of an
irregular grid since the frame to be interpolated is segmented (instead of the left most or right most frame
as in traditional approaches), using a QT decomposition and the DVF is found for this frame.

7.2 Motion compensated interpolation
As depicted in Fig. 12, we assume non-accelerated motion (also called linear motion since the trajectory
is a straight line). By segmenting the frame which has to be interpolated, we can assign a motion vector
mj to each block bli in the segmented frame. The motion vector is with respect to the closest previous
frame (determined by the temporal resolution) in the sequence, even if the previous frame is not one of
the reconstructed frames (this will become clearer later on). The QT segmentation and the motion vector,
which are found using a procedure described in Sec. 7.3, are then used to interpolate block bli of the k-th
frame as follows,
^
^
bli (x y) = N2  f0 (x ; N1  mjx y ; N1  mjyN) ++ NN1  fN (x + N2  mjx y + N2  mjy )  8 (x y) 2 bli
1
2
(29)
where mjx and mjy are the x and y coordinates of the motion vector mj of block bli , and N1 and N2
are the temporal distances of the frame which is being interpolated from frames f^0 and f^N , respectively
(see Fig. 12). This linear interpolation leads to a fading eect so that the transmitted frame closer to the
interpolated frame has a higher weight than the transmitted frame which is farther away.
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7.3 Operational rate distortion formulation
Using the above interpolation formula, it is clear that the quality of the interpolated frame only depends
on the QT segmentation and the DVF. As we pointed out in the previous section, the QT-based motion
estimator results in very good DVFs and hence we employ a similar mathematical formulation to nd
the QT segmentation and the DVF such that the motion compensated interpolation results in a visually
pleasing sequence. To this end we dene a block interpolation error (distortion) of block bli using motion
vector mj (which is contained in node xj ) as follows,

dj (xj ) =

X

(xy)2bli

f^0(x ; N1  mjx y ; N1  mjy ) ; f^N (x + N2  mjx y + N2  mjy ) :
2

(30)

This formula expresses the fact that the scheme looks for the same block in f^0 and f^N which must pass
through the block under consideration in the interpolated frame. This is also indicated in Fig. 12. As we
pointed out before, the motion vector mj is with respect to the previous frame in the sequence, hence it
needs to be scaled by the temporal distances N1 and N2 in the above formula. Again the frame distortion
is dened as the sum of the distortions of the blocks used in the QT decomposition, hence,

D(x0  : : :  xNT ;1 ) =

NX
T ;1
j =0

d(xj ):

(31)

Intuitively it seems clear that if we nd a QT and a DVF such that the frame distortions are minimized,
then the interpolated frame should be as good as possible under the linear motion assumption. This,
however, is not the case since the smallest frame distortion can be achieved by using one motion vector for
each of the smallest possible blocks in the QT decomposition. These motion vectors would be selected so
that the individual block distortions are minimized, which in turn results in the smallest frame distortion.
The resulting DVF, however, would be quite noisy, since the ultimate goal is to minimize the above
distortion. Clearly, minimizing only the frame distortion will not result in a good interpolation, since
we did not take into account the smoothness of the resulting DVF. It is well known that a real DVF is
quite smooth, except at object boundaries and in uncovered regions. Therefore it is common in motion
estimation not to minimize the DFD energy alone, but to regularize the problem by adding a term to the
objective function which measures the smoothness of the DVF. This can be easily achieved in the proposed
framework, since the rate necessary to transmit the DVF is known by the QT-based motion estimator. As
we have pointed out before, a smooth DVF results is a small rate, whereas a noisy DVF requires a high
bit rate. This follows from the rst order DPCM employed to encode the DVF. Additionally, the Hilbert
scan enforces the smoothness of the DVF in all dimensions, which is one of the advantages of a Hilbert
scan over a raster scan. Therefore we propose to nd the DVF and the QT decomposition as the solution
to the following regularized optimization problem,
minT ;1 (D(x0  : : :  xT ;1 ) +
x0 :::x
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 R(x0  : : :  xT ;1))

(32)

where is the regularization parameter. Clearly, this is exactly the same optimization problem (see Eq.
(5)) which we have been solving iteratively for dierent s to nd the optimal DVF and QT decomposition
for the optimal QT-based motion estimator. Hence we can nd the optimal solution to this regularized
optimization problem using the approach of Sec. 6.

8 Experimental results
In this section we discuss a specic implementation of the proposed QT-based motion estimator and present
experimental results. We compare the rate distortion performance of the proposed motion estimator with
block matching, and compare the results of the interpolation scheme with the original frames.

8.1 Implementation of the optimal QT-based motion estimator
As in test model four (TMN4) 28] of H.263 we assign one bit per block to indicate if the motion vector of
this block is zero, since this is the most common event. When the motion vector is non-zero, we encode
the motion vector dierence between the current and the previous block using the entropy table of TMN4.
Ecient motion estimation is particularly important for very low bit rate video coding, since the encoding
of the DVF can take up to 100% of the available bit rate. The main format for very low bit rate video
coding is the quarter common intermediate format (QCIF). Therefore we select QCIF video sequences,
which are of dimensions 176 144, for the presented experiments. We have developed the Hilbert curve
based scanning path for frames which are of dimension 2i 2i pixels, where i is a positive integer. Clearly
we have to modify the Hilbert scan for QCIF sequences. Figure 13 shows the modied Hilbert scan which
we use for the optimal motion estimator, where the smallest block size is 8 8 (n0 = 3). Note that the
square of length 128 in the left lower corner in Figure 13 is still scanned using a perfect Hilbert curve of
order 4. The rest of the image is then extended in a pattern which imitates the Hilbert scan. The resulting
tree representation of the entire frame is therefore not a simple QT, but a pruned QT, where the blocks
which do not belong to the tree structure are pruned o. Note that the presented algorithm does not
depend on the number of children, hence it works equally well with a pruned QT as it does with a full QT
or for any tree structure which represents image regions.
The modied Hilbert scan which we use for the motion compensated interpolation scheme where the
smallest block size is 4 4 (n0 = 2), can recursively be derived using the rule introduced in Sec. 4.3 and
the modied Hilbert scan of level 3 which is displayed in Figure 13.

8.1.1 Recursive generation of admissible motion vector sets
From a theoretical point of view, every possible motion vector of block bli should be included in the set
Mli , which is the admissible motion vector set for block bli . This means that for a typical search window
of 15:5 pixels and an accuracy of 0:5 pixel, jMli j = 63*63 =3969, which is quite large. Most of these
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motion vectors, however, are not likely candidates for the optimal path, since they do not correspond well
to the real motion in the scene and therefore they lead to a high distortion and a high rate. These motion
vectors can be found by performing block matching since they will result in a high matching error.
To make the optimization process faster, the prior knowledge about these motion vectors is taken into
account. Even though this might be complicated in general, it is easily achieved in the presented framework
of DP by reducing the set Mli of admissible motion vectors of block bli .
We propose the following scheme for the recursive generation of admissible motion vector sets. An
initial motion vector search is conducted for the 2n0 2n0 blocks at level n0 by using block matching with
integer accuracy. The K integer motion vectors which lead to the best prediction are kept. Then the set
Mn0 i is dened as the set which contains the K top integer motion vectors plus their half pixel neighbors.
After the set of admissible motion vectors has been dened for the bottom level (n0 ), the sets of
admissible motion vectors for higher level blocks are dened recursively. A block bli only includes a
motion vector in Mli if this motion vector has been selected by all of its child nodes. This leads to the
fact that for small blocks, many motion vectors are considered but the bigger the block, the smaller the
number of vectors associated with it. This re!ects the well known fact that small block sizes lead to small
energy in the DFD but not very consistent motion vector elds, whereas bigger blocks lead to consistent
vector elds, but the energy in the DFD can be quite high 29]. Our experiments have shown that for
K = 10 this restriction of the search space does not lead to a performance loss but increases the speed of
the algorithm signicantly.

8.1.2 Experiments
In these experiments we compare the QT-based optimal motion estimation scheme with the xed block
size (16 16) based scheme of TMN4. In the rst experiment, we use two frames from the "Mother
and Daughter" sequence and compare the performance of the block matching and the proposed algorithm
visually. In the second experiment, we use three dierent sequences, with dierent amount of motion, at
three dierent frame rates and compare the performance of the block matching algorithm and the proposed
scheme on an average basis.

Visual Comparison As pointed out before, we use the same encoding technique for the DVF as TMN4

and hence the dierence in performance stems from the optimal tradeo between the rate necessary to
encode the inhomogeneous DVF (QT segmentation and motion vector dierences) and the resulting energy
in the DFD (the distortion). For the rst experiment, we use the 176-th and 180-th frames of the QCIF
sequence \Mother and Daughter", which are the leftmost and right most frames in Fig. 18, respectively.
Note that we skip three frames, which corresponds to a resulting frame rate of 7.5 frames/second (we
assume the original sequence was recorded at 30 frames/second). We only use the luminance part of the
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sequence to perform the experiments, but the presented theory also covers the case when the chrominance
distortion is included in the distortion measure. It therefore provides an elegant approach for fusing the
information provided by dierent channels.
The block distortion d(xj ) can be dened arbitrarily and hence it can contain contributions from the
luminance channel as well as from the two chrominance channels (or from R, G and B channels). In the
most general form, the block distortion can be written as follows,

d(xj ) = (dY (xj ) dCb (xj ) dCr (xj ))

(33)

where () is an arbitrary function and the superscripts Y , Cb and Cr indicate the distortions in the
luminance and chrominance channels. One popular choice for the function () is a weighted sum,

d(xj ) = dY (xj ) +   dCb (xj ) +  dCr (xj )

(34)

since for this denition of the block distortion, the frame distortion is also the weighted sum of the
luminance and chrominance frame distortions. Clearly the selection of an appropriate  and has to be
done experimentally. Note that by dening the block distortion as above, the inhomogeneous DVF is found
optimally, using the information from all three channels. Nevertheless, in the presented results, we set 
and to zero.
We use the mean squared error (MSE) as the distortion measure, and employ the peak signal to noise
ratio (PSNR) to express its magnitude in dB, (PSNR = 10  log10 (2552 =MSE)). We intra code the 176frame using TMN4 and a quantizer step size of 10. The resulting PSNR for this frame is 33.85 dB . Then
the original 180-th frame is used to nd the DVF. First we employ the TMN4 block matching scheme which
uses the sum of the absolute error and favors the zero motion vector by reducing its error by a constant
amount of 100. The resulting bit rate for the DVF and the DFD energy are listed in row \TMN4" in Table
2. The predicted frame and the DVF are displayed in Fig. 14.
Now the QT-based optimal motion estimator is run, where rst the maximum rate is set equal to the
TMN4 rate, i.e., Rmax = 470 bits. We call this experiment \matched Rate" in Table 2 and the resulting
rate and distortion are listed in the corresponding row. Note that for the same rate, the total distortion is
reduced signicantly, or in other words, a better prediction is achieved. Besides outperforming the TMN4
motion estimator in the objective sense, the proposed QT-based scheme also outperforms the TMN4 motion
estimator subjectively. This is due to the inhomogeneous representation of the motion by means of the
QT, which enables the QT-based motion estimator to spend more bits in areas with complex motion, i.e.,
small block sizes are used, and fewer bits in areas with simple motion, i.e., large block sizes are used.
The better prediction performance is apparent from the resulting predicted frame and the DVF which are
displayed in Fig. 15. For example, the prediction of the left eye and the shirt collar of the mother and the
right corner of the frame in the background, is clearly better in the proposed approach. Recall that the
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n0 level is scanned by the modied Hilbert scan shown in Fig. 13. To generate the scanning path for an

arbitrary QT decomposition, the procedure introduced in Sec. 4.2 is used. In Fig. 16 the resulting overall
scanning path which corresponds to the QT decomposition displayed in Fig. 15 is shown.
For the second part of the rst experiment, the DFD energy of the TMN4 run is matched by setting
Dmax = 30.6 dB PSNR. We call this experiment \matched Dist." in Table 2 and the resulting rate and
distortion are listed in the corresponding row. Note that for the same distortion, the bit rate is reduced
signicantly (about 30%). The resulting predicted frame and the DVF are displayed in Fig. 17. Again,
even though the DFD energy is the same as in Fig. 14, the predicted frame is of higher quality. The same
explanation applies as before, that is, the implicit DVF smoothing along the Hilbert scan results in a good
DVF. In addition, the inhomogeneous structure of the DVF ts a real DVF better and hence a better
representation of the real DVF can be achieved.

Average Comparison While the previous experiment lends itself for visualization, it is not sucient to

establish the performance of the proposed scheme. For that purpose we run a second experiment, where we
use three dierent sequences, "Miss America", a low motion sequence, "Mother and Daughter" a medium
motion sequence, and "Foreman" a high motion sequence. All sequences are 200 frames long, except the
"Miss America" sequence, which is 150 frames long. In very low bit rate (VLBR) video coding, the most
common frame rates are 7.5, 10 and 15 frames/second. This corresponds to skipping 3, 2 or 1 frames of the
original sequence, where we assume that the original sequence was recorded at 30 frames/second. Clearly,
the more frames skipped, the harder the motion estimation problem. The setup of this experiment is
basically identical to the previous experiment, except that we encode many more frames of three dierent
sequences at three dierent frame rates. For example, for the "Foreman" sequence at 10 frames/second,
we rst run the TMN4 block matching algorithm which results in a rate and a distortion for every third
frame. This rate distortion pair is obtained by rst intra coding the frame which is used to predict the
current frame from, using a quantizer step size of 10, and then predicting the current frame using the
motion vectors from the TMN4 block matching algorithm. The recorded rate for the current frame is
then the bits used to encode the DVF and the distortion of the current frame is the MSE between the
original frame and the predicted frame. Having this rate distortion pair for every frame in the temporally
downsampled sequence, we then run the optimal QT based motion estimator, in the matched rate and the
matched distortion mode. Doing this for all the sequences at all the frame rates results in Table 3. Clearly
the proposed motion estimator outperforms the TMN4 block matching algorithm in the rate distortion
sense. For the matched rate case, the average increase in PSNR (decrease in DFD energy) is about 0.4
dB and for the matched distortion case the average decrease in rate is about 25%. Note that Table 3 also
shows that we have very good control over the rate distortion tradeo with the proposed scheme, since
we can hit any given rate distortion pair with very high accuracy. We have discussed the time complexity
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of the multilevel dynamic programming in Section 6.2 and introduced a fast recursive algorithm for the
selection of the admissible motion vector sets in Section 8.1.1. Using these algorithms on our Sparc 20
requires on average 11.6 seconds, whereas the TMN4 block matching scheme requires 5.2 seconds. These
11.6 seconds are the result of three iterations (on average , due to the very fast convex search from Section
5.2) of the multilevel dynamic program, which takes 1.6 seconds per iteration, and the lling of the trellis,
which takes 6.8 seconds.

8.2 Motion compensated interpolator
The compressed QCIF sequence, \Mother and Daughter" (luminance only) is again used for this experiment. This sequence has been compressed by a video compression scheme proposed in 6]. In this scheme
it is possible to x the frame distortion for each frame, and we set it to 34.0 dB PSNR. The compressed
frame rate of the sequence is 15 frames per second (fps). For the presented experiments, we down-sample
the 15 fps sequence temporally by skipping every second frame. Clearly, this results in a new sequence
with a frame rate of 7.5 fps. We use the proposed motion compensated interpolation scheme to increase
this frame rate back to 15 fps. We then compare the reconstructed frames with the interpolated frames
visually and with the use of the PSNR metric.
For the implementation of the proposed motion compensated interpolation algorithm, the same QTbased motion estimator is used as in the experiments presented in the previous section. Based on experiments, we select 0.01. In addition, the smallest level of the QT are 4 4 blocks, hence n0 is equal to 2,
which is dierent from the QT based optimal motion estimator presented in the previous section where n0
was equal to 3.
The sequence, when interpolated to 15 fps, is much more pleasing to a human observer than the 7.5
fps sequence, since it is less jerky. To illustrate the interpolation results, we display a sequence of three
reconstructed frames, i.e., consecutive frames of the 15 fps sequence and compare them with the same
frames resulting from the interpolation scheme. Clearly the rst and last frame are identical, whereas the
interpolated middle frame should be as close as possible to the middle frame of the reconstructed sequence.
In Fig. 18 the 176-th, 178-th and 180-th reconstructed frames are displayed. In Fig. 19 the 176-th and
180-th reconstructed frames are displayed on the left and on the right, respectively. The 178-th frame is
interpolated using the proposed motion compensated interpolation scheme. Clearly the interpolated frame
is very similar to the encoded frame. Recall that the interpolation is done at the decoder and is completely
independent from the encoder. The PSNR of the interpolated frame is 33.3 dB which is 0.7 dB lower than
that of the reconstructed frame. On the other hand, to transmit the reconstructed frame, 3254 bits where
necessary. In Fig. 20 the QT segmentation and the DVF are displayed together with the interpolated
frame.
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9 Summary
In this paper we presented an optimal QT-based motion estimator which is based on the Lagrangian
multiplier method and multilevel DP. The main feature of this estimator is that the QT-segmentation and
the DVF are found jointly and optimally. The inhomogeneous representation of the DVF results in an
ecient encoding of the DVF and in DVF estimates which are close to the real DVF. We exploited this fact
by proposing a motion compensated interpolation scheme which uses a similar mathematical formulation
as the QT-based motion estimator. This scheme allows for the globally optimal control of the tradeo
between the interpolation error energy and the DVF smoothness.
We encode the inhomogeneous DVF using a rst order DPCM along the scanning path. We dened the
notion of an ecient scanning path and introduced a procedure, and a necessary and sucient condition
for that procedure, to infer an ecient scanning path from a given QT decomposition. We further proposed
a special ecient scanning path which is based on a Hilbert curve and results in square blocks.
We formulated the motion estimation problem as a constrained optimization problem, which we solve
using the Lagrangian multiplier method. We proposed a new very fast convex search to nd the optimal
Lagrangian multiplier , which is based on a second order Bezier curve.
Finally, we presented results of the proposed QT-based motion estimator and compared them with
block matching. The results clearly demonstrated that the proposed scheme outperforms block matching
signicantly in an objective, as well as, a subjective sense. We also presented results of the proposed motion
compensated interpolation scheme by comparing the interpolated frames with the reconstructed original
frames. Again the results show that the interpolation scheme is very accurate, since the reconstructed
frames and the interpolated frames are almost identical.
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10%
arithmetic mean 4.4
geometric mean 3.2
line approx.
3.4
Bezier approx. 1.7

1% 0.1% 0.01%
7.3 10.5 12.8
6.2 9.5 13.8
6.3 9.6 12.9
2.2 2.7
3.2

Table 1: Comparison between four dierent approaches to select the new in the bisection scheme. The
values in the table indicate the average number of iterations necessary to converge within a given percentage
of accuracy, where that percentage is shown at the top of each row.

Rate (bits) Dist. (PSNR)
TMN4
470
30.6
matched Rate
472
31.3
matched Dist
344
30.7
Table 2: Comparison between the TMN4 motion estimation algorithm and the proposed optimal motion
estimator using the luminance values of the 176-th and 180-th frames of the QCIF sequence \Mother and
Daughter".

15 f/s
10 f/s
7.5 f/s

TMN4
R
D
219 36.9
264 36.4
294 36.0

Miss America
matched R
R
D
219 37.1
264 36.7
294 36.3

Mother and Daughter
Foreman
matched D
TMN4
matched R matched D
TMN4
matched R
R
D
R
D
R
D
R
D
R
D
R
D
159 36.9 236 32.6 238 32.8 161 32.6 724 26.8 724 27.6
208 36.4 294 32.2 295 32.4 215 32.2 854 25.8 853 26.4
238 36.0 344 31.8 343 32.1 258 31.8 937 25.0 940 25.6

matched D
R
D
525 26.8
680 25.8
779 25.0

Table 3: Comparison between the TMN4 motion estimation algorithm and the proposed optimal motion
estimator on an average basis. The comparison uses the luminance values of the the QCIF sequences
"Miss America", \Mother and Daughter" and "Foreman" at three dierent frame rates, 7.5, 10 and 15
frames/second and the table displays the average rate distortion performance for the TMN4 run and the
matched rate and the matched distortion run of the optimal QT based motion estimator
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Figure 1: Frame segmented by a quad-tree.

Figure 2: Quad-tree representation of the frame.
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Figure 3: Quad-tree notation. Each node is identied by the ordered pair (l i), where l is the level
and i the number within that level. Also the leafs
are numbered from zero to the total number of leafs
in the QT minus one.

Figure 4: Recursive raster scan for a QT decomposition. Figures (a) through (c) show the raster scan
at dierent levels of the QT and gure (d) shows
the resulting overall scanning path.
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Figure 6: Recursive Hilbert curve generation:
a) rst order Hilbert curve of orientation 0,
b) second order Hilbert curve, c) third order
Hilbert curve
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Figure 8: The multilevel trellis for N = 5 and n0 = 3.
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Figure 9: The recursive rule for the generation of the Tli and Fli sets.
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Figure 11: Quad-tree decomposition corresponding to the optimal state sequence. The left gure shows
the graphical representation of the QT which corresponds to the frame decomposition in the right gure.
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the optimal QT-based motion estimator, when the
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Figure 16: The overall scanning path.
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Figure 17: The predicted frame and the DVF for
the optimal QT-based motion estimator, when the
distortion matches the TMN4 distortion.
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Figure 18: The 176-th, 178-th and 180-th reconstructed frames of the \Mother and Daughter" sequence.
The PSNR of each frame is 34.0 dB and it takes 3254 bits to transmit the middle frame.
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Figure 19: The 176-th and 180-th reconstructed frames of the \Mother and Daughter" sequence are
displayed on the left and on the right, respectively. The frame in the middle is the interpolated 178-th
frame, its PSNR is 33.3 dB.
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Figure 20: The QT segmentation and the DVF of the 178-th interpolated frame of the \Mother and
Daughter" sequence.
36

