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ABSTRACT
Image thresholding is one of the most common image processing
operations, since almost all image processing schemes need some
sort of separation of the pixels into different classes. In order to
find the thresholds, almost all methods analyze the histogram of the
image. In most cases, the optimal thresholds are found by either
minimazing or maximazing an objective function, which depends
on the positions of the thresholds. We identify two classes of objective functions for which the optimal thresholds can be found by
algorithms with low time complexity. We show, that for example the
method proposed by Otsu [1] and other well known methods have
objective functions belonging to these classes. By implementing the
algorithms in ANSI C and comparing their execution times, we can
make a quantitative statement about their performance.
1. INTRODUCTION
In many image processing applications the pixels need to be classified as belonging to the foreground or the background. Because of its
importance, image thresholding has attracted a considerable amount
of attention and in [2] an extensive taxonomy and comparison of
prior proposed methods has been published. Many methods define
the optimal threshold as the one which maximizes or minimizes an
objective function. In multilevel image thresholding pixels can be
classified into many classes, not just foreground and background.
One method to find the thresholds is an exhaustive search, which
means calculating the objective function for every possible placement of the thresholds. The problem with this approach is, that when
the image is segmented into more than two classes, the time needed
to find the optimal thresholds increases dramatically with the number of gray levels and the number of classes. One way to overcome
this shortcoming is to employ an iterative algorithm. However, it is
difficult to guarantee optimality for these algorithms. An algorithm,
which is fast and optimal, is therefore desireable.
In this paper, algorithms are studied which can be employed
to find the optimal thresholds efficiently. As a result, two classes
of objective functions are identified. For the first class, an efficient dynamic programming algorithm can be used for finding the
thresholds, whereas for the second class a combination of dynamic
programming and fast matrix searching can be employed. Furthermore, it is shown that some well known thresholding techniques are
members of these classes. To verify the efficiency of the algorithms,
execution time measurements of ANSI C implementations are presented.
The paper is organized as follows. In section 2, multilevel image
thresholding is introduced and the problem is mathematically defined. In section 3, the dynamic programming scheme is presented.
In section 4, a class of objective functions is presented for which the

optimal thresholds can be found even more efficiently. In section
5, execution time measurements of the different algorithms are presented. Finally, the paper is summarized and conclusions are drawn
in section 6.
2. MULTILEVEL IMAGE THRESHOLDING
The pixels of a gray scale image are represented by L gray levels g
from 1 to L. Multilevel image thresholding is the task of separating
the pixels of the image into M classes C1 . . . CM , by setting the
thresholds t1 . . . tM −1 . Class Ck is defined as Ck = {g|tk−1 <
g ≤ tk } , where k refers to the class number k ∈ {i|1 ≤ i ≤ M }.
The thresholds t0 and tM are are defined to be 0 and L, respectively.
For the placement of the thresholds most methods employ the
histogram. The histogram h(g) shows the number of occurrence of
P
the gray level g in the image, where L
g=1 h(g) = N , and N is
the total number of pixels in the image. The normalized histogram
p(g) = h(g)/N can be considered as an estimate of the probability
mass function of the gray levels present in the image.
For each class, statistical properties such as the probability of
the class (later called class weight), the mean, and the variance of
the class can be calculated as follows
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The thresholding methods considered in this paper are the result
of the optimization of an objective function. The value of the objective function dependens on the positions of the thresholds. The
optimal thresholds are the ones which either minimize or maximize
the objective function. For the sake of conciseness and without loss
of generality, derivations are only shown for the case where the objective function is maximized
[t∗1 , t∗2 , . . . , t∗M −1 ] = arg max {JM,L (t1 , . . . , tM −1 )} ,

(4)

with the following constraint for the positions of the thresholds
0 < t1 < t2 . . . < tM −1 < L.

(5)

The straightforward approach for finding the optimal thresholds is an
exhaustive search which means evaluating the objective function for

every possible combination of thresholds. However, the number of
possible combinations N is given by (it is assumed that M << L)
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Therefore, an algorithm based on an exhaustive search is not suitable
when the image is segmented into more than two classes.

stage m

M

J4∗ (8)

4

end

J3∗ (3) J3∗ (4) J3∗ (5) J3∗ (6) J3∗ (7)

3

J2∗ (2) J2∗ (3) J2∗ (4) J2∗ (5) J2∗ (6)

2

J1∗ (1) J1∗ (2) J1∗ (3) J1∗ (4) J1∗ (5)

1

start
0

3. DYNAMIC PROGRAMMING ALGORITHM
For the first class of objective functions with the structure below, a
dynamic programming algorithm, known as the shortest path algorithm, can be employed to find the optimal thresholds. The required
structure is
JM,L (t1 , . . . , tM −1 ) =

M
X

`(tk−1 , tk ],

(7)

k=1

where `(tk−1 , tk ] is referred to as the class cost of the class Ck .
Hence, the class cost can only depend on its borders, namely tk−1
and tk . A partial sum up to gray level l for the first m classes, is
defined as
Jm (l) =

m
X

`(tk−1 , tk ] ,

1 ≤ t1 < t2 < . . . < tm−1 < l.

k=1

(8)
For every gray level l, a subproblem can be defined as finding the
optimal thresholds which partitions the interval [1, l] into m classes.
The optimal solution to a subproblem is given by
∗
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By rewriting the optimal solution to the subproblem, the following
recursive formulation is obtained
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Fig. 1. Trellis for the shortest path algorithm.

that the class cost `(tk−1 , tk ] can be calculated in O(1) time. This is
the case for many objective functions by introducing a preprocessing step which requires O(L) time, as will be shown later. In [3]
a dynamic programming scheme based on (10) has been proposed
for the thresholding method by Otsu [1] and in [4] for the minimum
error thresholding method by Kittler and Illingworth [5]. However,
since [3] was published in a Japanese journal the knowledge that
this method can be used does not seem to be widespread. In [6] a
suboptimal algorithm was proposed and the authors wrote that an
exhaustive search is the only possibility to find the optimal thresholds. In [7] an algorithm based on an exhaustive search is proposed.
The shortest path algorithm is also shown here because it builds the
basis of more efficient algorithms, which are introduced in the next
section. Furthermore we propose that the DP algorithm can be employed for finding the optimal thresholds for the maximum entropy
method by Kapur [8]. Due to lack of space, the derivations are not
shown here, but they can be found in [9].
4. MORE EFFICIENT ALGORITHMS
The problem of finding the optimal paths to all the nodes in one stage
in the trellis, is equivalent to the problem of finding the row-wise
maxima in a lower triangular matrix defined as

)
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By setting m = M and l = L, this equation maximizes the overall problem. It is clear that if the thresholds of a subproblem are
not set optimally and therefore are not maximizing the subproblem,
the objective function can never be maximal. By having this recursive formulation, the optimal thresholds can be found by a shortest
path algorithm. The algorithm employs a trellis to find the optimal
thresholds, as shown in Fig. 1 (M = 4, L = 8). It proceeds from
the bottom of the trellis to the top and compares paths emerging from
nodes one stage below and to the left of the current node. The maximal cost is stored in the node and the backpointer is set to point
to the node from which the optimal path emerges. When the algorithm arrives at the end node, the optimal thresholds are found by
backtracking to the start node. For more than two classes this algorithm is more efficient than an exhaustive search. Since the number
of stages is M , the number of nodes per stage L − M + 1 and the
number of paths which have to be compared per node proportional to
L, the time complexity of this algorithm is O(M L2 ). This assumes,

(
−∞,
if c > r,
M (r, c) =
∗
Jm
−1 (c+m−2) + `(c+m−2, r+m−1], if c ≤ r.
(11)
In this matrix, the cost of the paths up to all the nodes in one stage
in the trellis are treated as matrix elements, where the column c indicates the node from which the path emerges and the row r the node
where the path ends. The elements in the upper triangular region
of the matrix are defined to be −∞, since there are no paths coming from nodes to the right or directly below the current node. The
resulting size of the search matrix is (L − M + 1) × (L − M + 1).
For a second class of objective functions with a class cost of the
form
!
P
p<i≤q p(i) · γ(i)
`(p, q] = w(p, q] · f
,
(12)
w(p, q]
where w(p, q] is the class weight, f (x) is a convex function on the
interval [γ(1), γ(L)] and the function γ(x) is either monotone increasing or decreasing on the interval [1, L], the matrix (11) is totally monotone. This follows, because the class cost shown in (12)
fulfills the convex quadrangle inequality. The proof is omitted here
and can be found in [9]. In addition, the class cost can be calculated

Both arrays are L elements long, calculating and storing their values
requires O(L) time. After the arrays have been precalculated, the
class cost `(p, q] can be calculated as follows
„
«
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.
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The total monotonicity of the matrix makes it possible, to employ algorithms, which find the row-wise maxima more efficiently.
Divide-and-Conquer Algorithm: The divide-and-conquer algorithm exploits the fact, that the row maxima in a monotone matrix
build a staircase. It first finds the maximum in the middle row of
the matrix and is then executed recursively on two submatrices. This
algorithm can find the row maxima of a monotone m × n matrix in
O(n log m) time. By combining it with DP the optimal thresholds
are found in O(M L log L) time.
SMAWK Algorithm: Another algorithm, which exploits not
only the monotonicity but the total monotonicity of the matrix, is
called SMAWK algorithm [10] and finds the row maxima of a m×n
matrix (m ≤ n) in O(n) time. The combination of DP and the
SMAWK algorithm, finds the optimal thresholds in O(M L) time.
Examples:
A) The optimal thresholds for the method proposed by Otsu [1] are
found by minimizing a criterion called within-class variance, which
is defined as follows
2
σW

=

M
X

2

w(tk−1 , tk ] · σ (tk−1 , tk ],

(16)

k=1

=

M
X

tk
X

2

p(i) · (i − µ(tk−1 , tk ]) .

(17)

5. EXECUTION TIME MEASUREMENTS
In this paper, three different algorithms for efficient multilevel thresholding have been presented. Their time complexities of O(M L2 ),
O(M L log L) and O(M L) give an upper bound for their execution
time. It is clear, that the algorithm which combines DP and SMAWK
matrix searching and has a time complexity of O(M L) outperforms
the other algorithms if L and M are sufficiently high. However,
from the time complexity alone it is not possible to say which algorithm is the fastest for a certain combination of M and L because
the constant factors are unknown.
Quantitative statements about the performance of the algorithms
can be made by implementing them and comparing their execution
times. The implementations are made for the thresholding method
proposed by Otsu [1]. In order to have efficient implementations,
ANSI C is used and no memory is allocated dynamically during the
execution of the algorithms. The implementation of the SMAWK
algorithm using a low-level programming language like ANSI C is
quite involved. In fact, only implementations using high level languages such as Java or Python can be found on the Internet. For
the implementation of the SMAWK algorithm, modifications proposed in [14] prove to be helpful. Detailed information about the
implementation and the ANSI C code can be found in [9]. Since
most gray scale images contain 256 gray levels, the execution times
for this number of gray levels are of particular interest. The measured times for the different algorithms are shown in Fig. 2. The
histogram of the Lenna image (converted to gray scale) is used for
the measurements. Note, that the execution time of all algorithms is
3.0 · 10−3
2.5 · 10
execution time [s]

in O(1) time after the following preprocessing step. For this two
arrays W (i) and N (i) are defined recursively as
(
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if i = 1,
N (i) =
(13)
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Note, that an equivalent problem is encountered when designing an
optimal scalar quantizer (minimum mean squared quantization error). For optimal scalar quantization, where a histogram with N
points is divided into K intervals, Wu showed in [11] and [12], that
the optimal quantizer can be found respectively in O(KN log N )
and O(KN ) time, by employing the above mentioned algorithms.
The fact that the optimal thresholds can be found in O(M L) time,
can also be seen, when another objective function, called modified
between-class variance in [7], is used. Maximizing this objective
function results in the same thresholds as minimizing (16). The class
cost of this objective function is defined as
`
´2
`(p, q] = w(p, q] · µ(p, q] .
(18)
It is obvious, that the class cost of this objective function has the
form defined in (12).
B) The minimum cross entropy method proposed in [13], can
be extended to multiple thresholds. The optimal thresholds can be
found by maximizing a modified objective function. The class cost
of this objective function is
`
´
`(p, q] = w(p, q] · µ(p, q] · log µ(p, q] .
(19)
Since the class cost is of the form (12) the optimal thresholds can be
found in O(M L) time.
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Fig. 2. Execution times for L = 256, M = 1 . . . 5

proportional to the number of classes. The algorithms which combine DP and matrix searching are both about 10 times faster than the
normal DP algorithm. Even though it has a higher time complexity, the algorithm which uses divide-and-conquer matrix searching
is slightly faster than the algorithm which employs SMAWK. This
may be explained by the overhead incurred by the complex structure
of the SMAWK algorithm.
When the number of gray levels is increased, the advantage of
using an efficient matrix searching algorithm becomes more significant, as shown in Fig. 3. The histograms used for measurements
with more than 256 gray levels are interpolated versions of the histogram of the Lenna image. For M = 5 and L = 216 the normal DP algorithm requires about 218s to find the optimal thresholds, whereas the execution times of the faster algorithms are around
100ms. The difference between the algorithm which combines DP
and divide-and-conquer matrix searching and the one which uses a
combination of DP and SMAWK is shown in Fig. 4. It can be
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Fig. 3. Execution times for L = 28 . . . 216 , M = 5
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