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ABSTRACT

For video communications over wireless ad hoc networks,
multiple paths with limited bandwidth are common. It therefore
presents new challenges to the video encoding. In this paper, we
formulate the problem as a multiple path video summarization
problem under bit rate constraints, where video summaries are
generated to satisfy each channel’s rate constraint, while the
combined summary at the receiving end achieves the minimum
summarization distortion. The optimal solution (within a convex
hull approximation) is found by Lagrangian relaxation and
dynamic programming. Simulation results demonstrate the
effectiveness of the approach.

1. INTRODUCTION
For communicating video over a channel with limited bit
rate, instead of sending all frames with severe frame SNR
distortion, a better option is to transmit a subset of the
frames with higher SNR quality. A video summary
generator that can “optimally” select frames based on an
optimality criterion is essential for these applications. Past
work in this area can be found in [1]-[6], [11]-[12]. In [8]
we provided a solution for the bit rate constrained
summarization problem with a single channel. The
resulting video summaries show that reasonably good
visual qualities can be achieved at low bit rates.
The problem arises naturally when there are multiple
paths with different rates for communication. One
solution is to summarize the sequence and split the
encoded bit stream to match individual channel rates.
However due to the dependency among bit streams, when
a single channel fails, the data carried by the other
channels also become useless. Instead, a multiple
description coding (MDC) [6], [7] like scheme is more
applicable, where each channel carries an independently
decodable summary that meets the channel rate constraint,
while the combined summary at the receiving end
achieves the minimum distortion possible.
In this paper we formulate the multipath video
summarization problem as a summarization distortion
minimization problem under multiple rates constraints,
and find solution through Lagrangian relaxation and
dynamic programming. The paper is organized into the

following sections: in section 2, we give the definitions
and formulation of the multi path summarization problem,
in section 3, we develop the solution to the problem, in
section 4, we present some simulation results, and in
section 5 we draw conclusions and outline our future
work.
2. DEFINITIONS AND PROBLEM FORMULATION
A video summary is a shorter version of the original video
sequence. Video summary frames form a subset of the
frames selected from the original video sequence. Let an
n-frame video sequence be denoted by V= {f0, f1,…,fn-1},
and its video summary of m frames S= { f l0 , f l1 ,L f lm−1 } ,
in which lk denotes the k-th summary frame’s location in
the original sequence V.
Let
the
reconstructed
video
sequence,
VS ' = { f 0 ' , f1 ' ,L f n−1 '} , be generated from the video
summary by substituting the missing frames with the
previous frames in the summary (zero-order hold), that is,
(1)
f j ' = f i = max ( l ): s.t . l∈{l0 ,l1 ,Llm−1}, i ≤ j , ∀f j '∈VS ' .

Apparently the number of frame available to the
summary will affect the fidelity of the reconstructed
sequence. To state the trade off between the quality of the
reconstructed sequences and the number of frames in the
summary, we utilize the following definitions. Let the
distortion between two frames j and k be denoted by d(fj,
fk), then the sequence distortion introduced by the
summary is given by the average (total) frame distortion
D( S ) =

n−1

∑d ( f j , f j ')

(2)

j =0

Also, let the summarization distortion for a segment of
VS’ starting with summary frame f l t −1 and ending with
frame f l t be,
Glt −1 ,lt =

lt −1

∑d ( fk , fl

k =lt −1

t −1

)

(3)

Let us assume that two paths with rates R1 and R2 exist
for video communication, assuming constant PSNR
quality coding of the video summary, and a rate profiler
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(for example, [14]) that will give the rate estimates, r(fk),
for encoding a summary frame fk. Then the problem of
multi path summarization is given by,
min D( S1 ∪ S 2 ), s.t. R ( S1 ) ≤ R1 , R( S 2 ) ≤ R2 ,
(4)

and S2 respectively. There are many feasible transitions
from other states into the current state Lj,k, corresponding
to adding frame fj to S1 and fk to S2, that is,
min
L j ,k =
L j − p ,k −q + A( j − p, k − q , j , k ) , (9)

where “U” denotes set union, and R(S) is the number of
bits needed to code a summary S, that is,

where (j-p) and (k-q) are the last frames for the feasible
states that can transition into Lj,k. Skip constraint Kmax is
the maximum number of frames that can be skipped
between any two summary frames, which enforces certain
degree of smoothness within each individual summary. It
does not affect the generality of the approach, since it is
optional. The edge cost, A(j-p, k-q, j, k), for transition
from state Lj-p, k-q into Lj,k, must account for the rates
increase and combined summarization reduction, and is
given by,
A( j − p, k − q , j, k ) =
= (Gi1,i 2 + Gi 2,n ) − (Gr1,r 2 + Gr 2,r 3 + Gr 3,r 4 + Gr 4,n )

S1 ,S 2

R( S ) =

∑ r( f l

∀ f lk ∈S

k

).

(5)

Assuming that the first frame f0 is included in both S1 and
S2, that is l01=l02=0, formulation (4) can be also written as,
min
D( S1 ∪ S 2 ),
1
2 2
2
l11 ,l12 ,L,lm
1 ,l1 ,l2 ,L,lm 2 ,
.
(6)
s.t. R( S1 ) ≤ R1 , R( S 2 ) ≤ R2
The problem becomes the selection of summary frames
for each channel to meet rate constraints, while also
minimizing the combined summary distortion at the
receiving end.
In addition, for each summary we may also impose an
optional frame skip constraint Kmax, that is the maximum
number of frames can be skipped between any two
summary frames.

2. SOLUTION TO THE MULTI-PATH
SUMMARIZATION PROBLEM

The direct solution of the problem in Eq. (6) is difficult,
due to the large searching space and the complicated interdependence among operating parameters and constraints.
Instead we relax the problem with the use of Lagrangian
multipliers. The relaxed problem is solved first, then
followed by a search on the Lagrangian multiplier to
obtain the optimal solution to the original problem within
a convex hull approximation. Such an approach has been
successfully applied to a number of video coding and
summarization problems ( for example, [8], [9] and [10]).
By introducing two Lagrangian multipliers, λ1 and λ2 ,
the original constrained problem becomes,
L( λ1 , λ2 )
= arg
D( S ∪ S ) + λ R( S ) + λ R( S ) (7)
min
1
2
2
l11 ,L,lm
1−1 ,l1 ,L,lm 2 ,

1

2

1

1

2

2

where λ1 , λ 2 are positive real numbers that control the
trade off between rates and the combined summarization
distortion.
We observe that the minimization in Eq. (7) has a
interesting recursive strucutre. Let two summaries S1 and
S2 all start from frame f0, and stop when the final virtual
frame, fn, is reached. Let us define for a given multiplier
pair, λ1 and λ2 , the state Lj,k be given by,
L j ,k =

min

l11 ,L,lt1 = j ,l12 ,L,lh2 = k

D( S1 ∪ S 2 ) + λ1 R( S1 ) + λ2 R( S 2 ) (8)

where t and h are the number of frames in the summaries
S1 and S2 so far. Frames fj and fk are the last frames for S1

1≤ p≤ K max ,1≤ q ≤ K max ,

+ λ1r ( f j ) + λ2 r ( f k )

(10)

= (Gi1,i 2 + Gi 2,n ) − (Gr1,r 2 + Gr 2,r 3 + Gr 3,r 4 + Gr 4,n )
if intra - coding ⎫⎪
⎧⎪λ1r j + λ2 rk ,
+⎨
⎬
⎪⎩λ1r j , j − p + λ2 rk ,k −q , if inter - coding ⎪⎭
in which [r1 r2 r3 r4]=sort([j-p,k-q, j, k]), [i1 i2]=sort([j,
k]). rj is the intra-rate estimate given by the rate profiler,
and rj,k is the inter-rate estimate of coding frame j with
prediction from frame k. The initial state is given by,
(11)
L0.0 = G0,n + λ1r0 + λ2 r0
With the recursion given by Eqs. (10) and (11), we can
compute a trellis for the given problem, and once the
trellis ends at the virtual final node fn, backtrack for the
optimal solution [15].
An example of a two-path summarization trellis and the
optimal solution path are illustrated in Fig. 1. The
sequence is a 12-frame segment from the “foreman”
sequence. The trellis starts at the lower left corner and
ends at the upper right corner. All possible two path
summaries can be represented as a trellis path starting at
the lower left corner (f0) and ending at the virtual final
frame (fn) at the upper right corner.
The horizontal and vertical axes indicate the summary
frames for S1 and S2, respectively. The dotted (green)
lines are the minimum cost incoming arcs to each node,
and the solid (red) line with circles is the optimal path
obtained by back tracking, corresponding to the given
Lagrangian multiplier values of λ1 =4.17e-05 and
λ2 =8.33e-06.
The solution to the original problem can be found by
searching for the Lagrangian pair λ1* and λ*2 , such that the
resulting summaries have the tightest bound to the rates
constraints, R(S1( λ1* , λ*2 )) ≤ R1, and R(S2( λ1* , λ*2 )) ≤ R2.
This can be achieved through a variety of numerical
methods, like cutting plane [16] and coordinate descent.
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multiple path summarization trellis: n=12, k
14
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Figure 1. Relaxed Problem DP solution example

3. SIMULATION RESULTS
In our simulation, we use a frame distortion metric for
summarization distortion based on the distance between
scaled frames in the principal component space [13], that
is,
d ( f j , f k ) =|| x j − xk || ,
(12)
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between the original and the reconstructed sequence from
the summary. Notice that the frame distortion is equal to
zero at the location where a frame is selected into the
summary. The upper and middle plots are for the
summaries S1 and S2 respectively. The combined
summarization distortion is equal to 312.83, while the
summary distortions for two individual paths are equal to
D(S1)=332.40, and D(S2)=593.62. Notice that a larger
Lagrangian value places more emphasis on minimizing
the rates, that is why smaller number of frames is selected
for S2 than for S1, since λ1 = λ2 /3. The resulting intercoding rates for S1 and S2 are 27.8 kpbs and 15.2 kpbs
respectively.
The video summaries S1, S2 and S in Fig. 2 are also
available
for
subjective
evaluation
at:
http://ivpl.ece.northwestern.edu/~zli/new_home/demo/mul
tipath/multipath.html.
The overall multiple rates-distortion performance is
illustrated in Fig. 3. For a 40-frame segment of the
“foreman” sequence, with frame skip constraint Kmax=16,
the distortion function in terms of the Lagrangian
multipliers, D(R(S1), R(S2)), is plotted in Figs. 3a and 3b
for the inter-coding and the intra coding cases,
respectively.

where xj and xk are the feature points for frames fj and fk
obtained by first scaling the frame luminance field to a
resolution of 8x6, and then applying a PCA. This has been
found to be an effective and computationally simple
metric [13].
In an example shown in Fig. 2, we use a 120-frame
segment from the “foreman” sequence (frames 170~289)
for the simulation, with the frame skip constraint set at
Kmax=30.
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Figure 2. Two-path summarization example
For the relaxed problem with λ1 =0.16e-4 and λ2 =0.5e-4,
the solution is illustrated in Fig. 2. The vertical dotted
lines indicate frame selections for the summaries, while
the curves in solid line represent the frame distortion
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(b) intra-coding case
Figure 3. Distortion as a function of λ1 , λ2 : D( λ1 , λ2 )
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Notice that the skip constraint enforces some level of
smoothness for each individual summary, which is a
desirable feature when one channel fails, but on the other
hand it reduces the combined summary efficiency. This is
an inherent dilemma in multiple description coding.
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Figure 4. Summary rates functions R(S1) and R(S2).
The summary rates functions contours for
R(S1( λ1 , λ2 )) and R(S2( λ1 , λ2 )) for the same sequence
are plotted in Figs 4a and 4b for the inter-coding and the
intra-coding cases, respectively. For the inter-coding case
when λ1 ≈ λ2 , a cutting plane like method needs to be
applied, while for the rest, a coordinate descent search
will be able to find the summaries that meet the rate
constraints.

4. CONCLUSION AND FUTURE WORK
In this paper we developed an optimal solution to the twopath summarization problem. According to the proposed
algorithm, Optimal (within a convex hull approximation)
combined video summary is delivered through two
channels with different rate constraints. The technique can
be generalized to handle more paths, and is useful in
multi-path video streaming for consumer and security
applications.
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We are also working on a more efficient searching
algorithm for matching the rates constraints, and
investigating the scenarios where the maximum frame
distortion is used as the summarization distortion.
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