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Abstract
A major problem in object oriented video coding is the ecient encoding of object boundaries.
In this paper, we present a ecient method for
the lossy encoding of object boundaries which are
given as 8-connect chain codes. We approximate
the boundary by a second order B-spline curve
and consider the problem of nding the curve
with the lowest bit rate for a given distortion.
This scheme is optimal, ecient and o ers complete control over the trade-o between bit-rate
and distortion. The scheme is an extension of the
approaches in ] ], where we used polygons to approximate a boundary. The main reason for using
curves rather than polygons is that curves a have
more natural appereance than polygons. Finally
we present results of the proposed schemes using
objects from \....." sequences.

1 Introduction
This research is motivated by object oriented
video coding 1, 2], where encoding of planar
curves is an important problem, but the developed algorithms can also be used for other applications, such as CAD, object recognition, object
oriented video coding, etc. The objectiv of object oriented coding is to encode video sequences
with a very low bit rate. E orts are currently being undertaken to incorporate basic standards for
object oriented video coding in the MPEG standard ]. The basic approach of object oriented
video coding is to analyze an image sequence,
synthesize the images with objects described by
shape, motion and color, and encode this information eciently. Our paper presents an scheme
for ecient encoding of object shapes, where we
convert a two-dimensional object boundary into
a lossy approximation with a lower bit rate than

the rate of the original boundary. The eciency
of a boundary encoding scheme can be measured
either with the absolute rate in bits or with a relative measure of the rate in bits divided by the
number of boundary points. In this paper we are
using the latter relative measure e with the unit
bits per boundary point.
Freeman 3] originally proposed the use of
chain coding for boundary quantization and lossless boundary encoding, which has attracted considerable attention over the last thirty years
4, 5, 6, 7, 8]. The most common chain code
is the 8-connect chain code which is based on a
rectangular grid superimposed on a planar curve.
The curve is quantized using the grid intersection scheme 3] and the quantized curve is represented using a string of increments. Since the
planar curve is assumed to be continuous, the increments between grid points are limited to the
8 grid neighbors, and hence an increment can be
represented by 3 bits. There have been many
extensions to this basic scheme such as the generalized chain codes 4], where the coding eciency has been improved by using links of di erent length and di erent angular resolution. In 7]
a scheme is presented which utilizes patterns in a
chain code string to increase the coding eciency
and in 8] di erential chain codes are presented,
which employ the statistical dependency between
successive links. There has also been interest in
the theoretical performance of chain codes. In 5]
the performance of di erent quantization schemes
is compared, whereas in 6] the rate distortion
characteristics of certain chain codes are studied. In this paper, we are not concerned with the
quantization of the continuous curve, since we assume that the object boundaries are given with
pixel accuracy.
In 9] B-spline curves are used to approximate
a boundary. An optimization procedure is for-

mulated for nding the optimal locations of the
control points by minimizing the mean squared
error between the boundary and the approximation. This is an appropriate objective when the
smoothing of the boundary is the main problem.
When, however, the resulting control points need
to be encoded, the tradeo between the encoding cost and the resulting distortion needs to be
considered. By selecting the mean squared error
as the distortion measure and allowing for the location of the control points to be anywhere on
the plane, the resulting optimization problem is
continuous and convex and can be solved easily.
In order to encode the positions of the resulting
control points eciently, however, one needs to
quantize them, and therefore the optimality of
the solution is lost. It is well known that the optimal solution to a discrete optimization problem
(quantized locations) does not have to be close
to the solution of the corresponding continuous
problem. In a similar approach 10] a new spline,
the quasi-orthogonal Q-spline curve, was de ned
and used for least square tting.
Average rates of 0.88 bits per boundary point
were achieved in 11] with third order B-spline
curves to approximate boundaries with a maximum distortion of 1.0 pixel inside and 2.0 pixel
outside the boundary. The basic idea of this approach is to start with a initial curve approximation and then to add and remove control points
in an iterative algorithm until no further reduction of the rate can be achieved. The results,
however, are not unique nor optimal and depend
very much on the initial curve.
A boundary with many straight lines or lines
with a very small curvature could be encoded
more eciently with a 8-connect chain code combined with run-length encoding. This is the idea
of some preprocessing algorithms 12] which are
used to \straighten" the boundary to a shape
that can be encoded with a lower rate. The problem with such an approach is that there is at best
an indirect control over the resulting rate distortion tradeo .
In this paper, we present algorithms where
the preprocessing step and a modi ed 8-connect
chain code/run-length encoding are combined
into an optimal lossy segmentation encoding
scheme. Note that this is achieved in an optimal
fashion, with a complete control over the tradeo between distortion and bit rate, resulting in

an ecient encoding scheme.
In section 2 we de ne the problem and introduce the required notation and focus on the distortion measure which is based on the maximum
operator. The B-spline curve is briey reviewed
in section 3. The de niton of the set of admissible
locations for control points for the spline approximation is discussed in section 4. In section 5
we consider the problem of nding the B-Spline
curve which requires the smallest bit rate for a
given distortion. We solve this problem by introducing a scheme which is based on a shortest path
algorithm for a weighted directed acyclic graph.
We then consider the dual problem, that of nding the polygon with the smallest distortion for a
given bit rate. In section 7 we introduce a control
point encoding scheme. Finally in section 8 we
present results of the proposed algorithm.

2 Problem Formulation
The main idea behind the proposed approach is
to approximate a given boundary by a second
order B-spline curve, and to encode the control
points that de ne the B-spline curve.
The following notation will be used. Let B =
b0  : : :  bNB ;1 denote the connected boundary
which is an ordered set, where bj is the j -th point
of B and NB is the total number of points in
B . Note that in the case of a closed boundary,
b0 = bNB ;1 . Let P = p0  : : :  pNP +1 denote the
set of control points of the B-Spline Q, which is
also an ordered set, with NP the total number of
curve segments. Note that every curve segment
shates control points with its neighboring curve
segments. Every B-spline curve segment Qk is dened by three control points pk;1 pk  pk+1 . Since
P is an ordered set, the ordering rule and the set
of control points uniquely de ne the curve.
We assume that the control points of the curve
are encoded di erentially which is an ecient
method for natural boundaries since the location
of the current control point is strongly correlated
with the location of the previous one. We denote
the required bit rate for the di erential encoding
of control point pk given control point pk;1 by
r(pk;1  pk ). Hence the bit rate R(p0  : : :  pNP ;1)
for the entire polygon is,
f

g

f

R(p0  : : :  pNP +1 ) =

g

NX
P +1
k=0

r(pk;1  pk ) (1)

where r(p;1  p0 ) is set equal to the number of bits
needed to encode the absolute position of the rst
vertex. However, since the bit size of the encoded
absolute location depends on the size of the image
plane, we neglect the rate of the absolute position
when we calculate the coding eciency e. For a
closed boundary the rst control point is identical
to the last one, the rate r(pNP ;2  pNP ;1 ) is set to
zero since the last control point does not need
to be encoded. Note that the rate r(pk;1 pk )
depends on the speci c control point encoding
scheme.
In general the B-spline curve which is used to
approximate the boundary could be permitted to
place its control points anywhere on the image
plane. In order to restrict the search for relevant
control points we de ne a A as a set of admissible
control points. In section 4 we specify A in detail.
For our proposed curve approximation scheme
we need besides the rate between two control
points also the distortion of every curve segment.
Because every curve segment Qk is de ned by
three control points, we let a general distortion
measure for Qk be dd(pk;1  pk  pk+1 ). One popular distortion measure for curve approximations
is the maximum absolute distance, which has also
been employed in 5, 6, 2, 13]. Besides its perceptual relevance, this distortion measure has the
advantage that it can be computed eciently.
Other distortion measures are evaluating the difference area between the original and the approximated boundary shape 14].
So far we have only discussed the edge distortion measures, i.e., the measures which judge the
approximation of a certain partial boundary by
a given curve segment. In general we are interested in a polygon distortion measure which can
be used to determine the quality of approximation of an entire curve. We are using the maximum operator for the curve distortion, which is
of the following form,
D(p0 : : :  pNP +1) = k21max
d(p  p  p )
:::NP ] k;1 k k+1
(2)
Wheras the maximum absolute distance between
a boundary and an edge of a polygon approximation can be exactly calculated with the formula
for the distance between a point and a straight
line, there is no unique method to measure the
maximum distortion for a curve approximation
of a boundary. However, the maximum distortion
can be de ned as the distance of every boundary

point to its closest point of its approximated representation. If we imagine a \distortion-band"
with the width 2 Wmax along the boundary B
a B-spline approximation must always be inside
the band in order to full- ll the distortion requirement:
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Fig. 1 shows how the distortion measure
d(pk;1  pk  pk+1 ) takes a curve segment Qk given
by the three control points d(pk;1  pk  pk+1 ) as
input and checks if all discrete curve points are
within the distortion band of width 2 Dmax . The
values of the curve points for this evaluation are
not quantized to pixel resolution.
The following method describes a simple implementation of the distortion band. The distortion band is constructed by many overlapping
squares of size 2 Dmax along the boundary B .
The distance between the squares must be below
pixel resolution. The drawback of this method is
that the thickness of the distortion band di ers
for a vertical or horizontal line and diagonal line.
This shortcoming could be overcome by drawing
circles instead of squares along B , but is computationally much more time intense.
In the reminder of the paper we introduce a fast
and ecient algorithm which solves the following
constrained optimization problem,






minp0 :::pNP +1 R(p0  : : :  pNP +1 )
subject to: D(p0  : : :  pNP +1 ) Dmax  (4)


where Dmax is the maximum distortion permitted. Note that there is an inherent tradeo between the rate and the distortion in the sense that
a small distortion requires a high rate, whereas a
small rate results in a high distortion. To nd
a B-spline curve approximation with the lowest
possible distortion given a maximum rate Rmax ,
minp0 :::pNP ;1 D(p0  : : :  pNP ;1 )
subject to: R(p0  : : :  pNP ;1 ) Rmax  (5)


we use Eq.(4) iteratively.

from 0 to 1. The matrix product T M is called
the blending function B . The blending function determines how the three control points are
weighted as a function of t. Figure 3 shows the
blending function for a second degree B-spline
curve. Among common parametric curves are
the Bezier curve and the B-spline curve. For
our boundary approximation algorithm we chose
the second order (quadratic) basis uniform nonrational B-spline curve 15], Figure 2 a shows such a
second order B-spline. We chose a B-spline with
the lowest possible order to keep the the complexity of the curve to a minimum. A rst degree
B-spline is actually a polygon.
The easiest way to calculate a curve segment
with a discrete number of curve points is to extend Eq.(7). If we let s be the number of discrete points of a curve segment we need s values between 0 and 1 for t. We rede ne t, so
that t is now a vector with s discrete values between 0 and 1 with the step size t = s;1 1 :
t = 0 t 2t
(s 1)t ]0 . Applying
vector t in Eq.(7) changes matrix T to a new size
of 3 by s elements and matrix Qk to 2 by s elements. Besides the just described matrix method
B-splines can also be obtained in a recursive manner 16].
A second order (n = 2) B-spline curve has the
following properties:
m: Total number of curve segments
(m + 2): Total number of control points
(n 1) = 3: control points per curve segment
Qk : pk;1  pk  pk+1 . pk;1 and pk are also
used by the previous curve segment Qk;1
and pk and pk+1 as well by the next curve
segment
2 Qk+1.
3
0:5 1 0:5
M = 64 1 1 0 75: Base matrix M
0:5 0:5 0
Eq. (7) can now be represented by a function
c that calculates a B-spline curve segment with
three control points as input, and the matrix Qk
with s discrete curve points as output,
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Figure 1: The distortion band is made out of a
number of squares.

3 Review of B-spline curves
A B-spline is a speci c type of curve from the
family of parametric curves. A parametric curve
with degree n consists of at least one curve segments where each curve segment is de ned by
(n + 1) control points. The control points are
located around the curve segment and de ne its
shape. A curve segment Qk is de ned in the form

h

i

Qk (t) = x(t) y(t) with 0 t 1




(6)

The beginning and the end of a curve segment
are called knots, they can be found with t = 0 respectively t = 1. A second degree curve segment
Qi (t) is calculated as follows :

Qih(t) = T Mi
=2 t2 t 1
11 m12
64 m
m21 m22
m31 m32






P

3 2

3

m13 7 6 pk;1x pk;1y 7
m23 5 4 pkx pky 5
m33
pk+1x pk+1y


(7)
Both base matrix M , with speci c constant parameters for each speci c type of parametric
curves, and control point matrix P with (n + 1)
control points de ne the shape of Qk in a two
dimensional plane. Every point on the curve
segment can now be calculated by letting t go
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;
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Qk = c(pk;1 pk  pk+1 ):

(8)

The beginning and at the end of the boundary approximation with a B-spline are special cases, because the rst curve segment should start exactly
from the rst control point and the last curve segment should end exactly at the last control point.
Using a double point (pk;1 = pk ) the curve seg-

Dummy figure

Dummy figure

Figure 2: A second degree B-spline curve. The
rst two control points are exactly on the same
location (a double point), so that the rst curve
segment starts from that double point.
ment Qk will begin exactly from the double point
(Figure 2). We apply this property at the beginning and at the end of the curve, so that p0 = p1
and pNP = pNP +1 . These two special cases can
easily be incorporated into the boundary approximation algorithm.

4 Admissible control point set
From a theoretical point of view, the set of admissible control points for a B-spline boundary
approximation should contain all the pixels in the
image plane. In order to keep the algorithm efcient we restrict the control points to a set of
relevant locations. We call this set of the admissible control points A and de ne it as a band
along the boundary B with the width 2 Wmax
(Figure 4). Set A must be an ordered set to employ the proposed algorithm. We propose therefore to order set A by assigning all points of A
to their nearest boundary point. Every admissible control point aiib has two indexes. The rst
index i has the same number as the index of its
closest boundary point bi . The second index ib
numerates the admissible control points with the
same index i. Index ib starts always with 0, every


Figure 3: Blending function of a second degree
B-spline.
point ai0 with ib = 0 is by de nition bi , therefore
so if Wmax = 0 then A = B . Clearly, not every
boundary point has the same number of admissible control points. Good values for Wmax are 1:0,
this results in a band with a thickness of 3 pixels.
Wmax is measured from the center of the boundary pixel to the center of the admissible control
point pixel. We further de ne that the rst and
the last boundary points have no additional admissible control points assigned.

5 The minimum rate case
The goal of the proposed algorithm is to nd the
B-spline curve whose control points can be encoded with the smallest number of bits under
two conditions: 1) the distortion of the curve
is smaller or equal to the maximum distortion
Dmax as stated in Eq. (4) and 2) the control
points must be selected from the admissible control point set A.
The key observation for deriving an ecient
search is the fact that given a certain control
point (pk ) of a B-spline curve and the rate which
is required to code the curve up to and including
this control point Rk (pk ), the selection of the next
control point pk+1 is independent of the selection
of the previous control points p0  : : :  pk . This is

b0 has to be selected as the rst vertex p0 . For

a closed boundary, we can select any boundary
point. Note that our experiments have shown
that the eciency of the solution approach does
not depend on to the choice of the initial starting
point.
The problem in Eq. (4) can be formulated as
a shortest path problem in a weighted directed
graph, (Fig. ??). A vector E~ starts at control
point pu = aiib A and ends at control point
pv = akkb A with the condition that both control points cannot be assigned to the same boundary point E~ (aiib  akkb ) i = j (see Fig. ??).
A path of order K from control point p0 to a control point pK is an ordered set p0  : : :  pK . The
length of a path is de ned as follows,
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Figure 4: The admissible control point set A.
Sample set.

g

w(vp;1  pk  pk+1)

(11)

Again, note the above de nition of the weight
function leads to a length of in nity for every
path which includes a curve segment resulting in
true since the total rate R can be expressed re- an approximation error larger than Dmax . Therecursively as a function of the control point rates fore a shortest path algorithm will not select these
paths.
r(pk  pk+1). That is,
The classical algorithm for solving such a
Rk+1 (pk+1 ) = Rk (pk ) + r(pk  pk+1 ) (9) single-source shortest-path problem, where all
A speci c encoding scheme r(pk  pk+1 ) is dis- the weights are non-negative, is the Dijkstra's alcussed in the next section. However, the distor- gorithm 17]. This is a signi cant reduction comtion of the new curve segment Qk depends not pared to the time complexity of the exhaustive
only on the current control point pk and the next search. We can further simplify the algorithm by
control point pk+1 but also on the previous con- observing that it is very unlikely for the optimal
trol point pk;1 (Figure 6). The weight function path to select a control point pu = akkb when the
w combines Eq. (9) and the distortion measure last selected control point was pv = aiib , where
i > k. Hence the vector set " is rede ned in the
d Eq. (3), where
following way, E~ (aiib  akkb ) i < k (see Fig.
8 :
??). This restriction results in that the selected
>>
>< d(pk;1 pk  pk+1) > Dmax curve approximation has to follow the original
w(pk;1  pk  pk+1) = >
: boundary without rapid direction changes, and
>>: r(pk  pk+1) :
more important, the resulting graph is a weighted
directed acyclic graph (DAG). For a DAG, the
d(pk;1 pk  pk+1 ) Dmax
(10) DAG-shortest-path algorithm 17] nds a singleThe recursion of Eq. (9) needs to be initial- source shortest-path and is even faster than Diized by setting R;1 (p;1 ) to zero. Note that by jkstra's algorithm.
the de nition of w, the rate for a curve segment
Let R ( ajjb  aiib ) be a four dimensional arwhich does not satisfy the maximum distortion ray that represents the minimum total rate to
constraint is in nite. Clearly RNP +1 (pNP +1 ) = reach the control point pu = aiib from the source
R(p0  : : :  pNP +1 ), is the rate for the entire curve. control point p0 = a00 via a B-spline curve apAs indicated above, we need to start the search proximation. pu = aiib is the current control
for an optimal polygon at a given vertex. If the point and pu;1 = ajjb is the previous control
boundary is not closed, the rst boundary point point of a curve segment. Lets further de ne conf
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trol point pu as a state, and pu;1  pu as pu's
state value. To calculate the rate r between aiib
and a future control point pu+1 = akkb we don't
need to know the location of the previous control point ajjb . We need a third point ajjb to
calculate the weight w with Eq. (10), so in R
there is for every state value the lowest total rate.
Clearly the lowest state value R ( ajjb  aNB ;10 )
of state pNP +1 = aNB ;10 is the solution to problem (4). Function c(x) on lines (5),(8) and (11)
returns the number of admissible control points
that are assigned to the boundary point bx . Let
q() be a back pointer which is used to remember
the optimal path, q() points from one state value
to another. Then the proposed algorithm works
as follows:
f

g

f

g

DAG shortest path algorithm
1) assign all R ( ajjb  aiib ) to 
2) R ( a00  a00 ) = 0
3)
4) for i = 0 : : :  NB 2
5) for ib = 0 : : :  c(i)
6)
7)
for j = i lsw  : : :  i 1
8)
for jb = 0 : : :  c(j )
9)
10)
for k = i + 1 : : :  i + lsw 
11)
for kb = 0 : : :  c(k)
12)
13)
pu;1 =ajjb 
14)
pu =aiib 
15)
pu+1 =akkb 
16)
distortion of Qu : d(pu;1  pu  pu+1 )
17)
rate: r(pu pu+1 )
18)
weigth: wu = w(pu;1  pu  pu+1 bi  bj )
19)
if R ( pu;1  pu + wu
20)
< R ( pu  pu+1 )
21)
22)
store new lowest rate:
23)
R( pu pu+1 ) =
24)
R( pu;1  pu ) + wu
25)
assign back pointer to previous
26)
state value:
27)
q( pu  pu+1 ) = pu;1  pu 
28)
29)
30)
31)
32) nd the state value in the last state
33) with the lowest rate:
f
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34) Rwinner = 
35) for j = i lsw  : : :  i 1
36) for jb = 0 : : :  c(j )
37)
38) if R ( ajjb  aNb 0 ) < Rwinner 
39)
qwinner = ajjb  aNb 0 
40)
41)
The optimal path p0  : : :  pNP +1 can be
found by back tracking the pointers q() in
the following recursive fashion (by de nition
pNP  pNP +1 = qwinner ),
1

;

;
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pk;1  pk  = q( pk  pk+1 ) k = NP 1 : : :  2:
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(12)
The formal proof of the correctness of the DAGshortest-path algorithm, on which the above
scheme is based, can be found in 17]. We will
reason more intuitively how this approach works.
In line (1) the minimum rate to reach any of the
control point R is set to in nity for all state values, except all R of the state values of state a00
are set to zero.
The two \for loop"s (counter variable i and ib )
in line (4) and (5) select the all control points
in A in sequence as pu of curve segment Qu and
the two \for loop"s in line (10) and (11) (counter
variable k and kb ) select all possible control points
for pu+1 . Hence these four \for loops" select each
possible vector E~ in the DAG exactly once. The
double loop on line (7) and (8) (counter variable j and jb ) is necessary to measure the distortion of Qu . Since the weigth function w needs
three control points, three double loops are necessary to cover every possible curve segment in
the DAG. A DAG shortest path algorithm for
a polygon needs only two double loops because
an edge segment is de ned by two vertex points.
The reason for the \double loops" is that we need
two loops in order to cover all admissible control
points in A. The number of loops of the \for
loop"s on line (7) and (10) depend on the length
lsw of the sliding window. Since the lines (12)
to (28) are processed for every curve segment.
The lines (16) to (18) are used to calculate the
weight of the edge, w(pu;1  pu  pu+1 ). The most
important part of this algorithm is the comparison on line (19). Here we test if the new bit
rate, R (pu ) + w(pu;1  pu  pu+1 ), to reach the admissible control point pu+1 , given that the last

R*( D

R

max

)

max

R*( D*
)
max

Dummy figure

D

Figure 6: The R (Dmax ) function, which is a nonincreasing function exhibiting a staircase characteristic. The selected Rmax falls onto a discontinuity and therefore the optimal solution is of the
 ) < Rmax , instead of R (Dmax
 )=
form R (Dmax
Rmax .

Figure 5: A B-spline curve segment.
two control points were pu;1 and pu, is smaller
than the smallest bit rate used so far to reach
the control point pu+1 , R ( pu  pu+1 ). If this bit
rate is indeed smaller, then it is assigned as the
new smallest bit rate to reach the control point
pu+1, R ( pu  pu+1 ) = R ( pu;1  pu ) + wu on
line (23). We also assign the back pointer of state
value pu  pu+1 to state value pu;1  pu . This
algorithm leads to the optimal solution because,
as stated earlier, when the rate R ( pu;1  pu )
of two control points pu;1 = ajjb and pu = aiib
are given, then the selection of the future control
points (pu+1 = akkb  i < k < NB ) is independent of the selection of the past control points
(px = axxb  0 x < i).
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6 The minimum distortion case
We now consider the minimum distortion case
which is stated in Eq. (5). We propose an iterative solution to this problem which is based
on the fact that we can solve the dual problem
stated in Eq. (4) optimally. Consider Dmax in
Eq. (4) to be a variable. We derived in the previous section an algorithm which nds the polygonal approximation which results in the minimum rate for any Dmax . We denote this optimal
rate by R (Dmax ). R (Dmax ) is a non-increasing

function (for a prove see 18]), we can use bi such that
section 19] to nd the optimal Dmax
 ) = Rmax . Since this is a discrete optiR (Dmax
mization problem, the function R (Dmax ) is not
continuous and exhibits a staircase characteristic (see Fig. ??). This implies that there might
 such that R (Dmax
 ) = Rmax .
not exist a Dmax
In that case the proposed algorithm will still
nd the optimal solution, which is of the form
 ) < Rmax , but only after an in nite
R (Dmax
number of iterations. Therefore if we have not
found a Dmax such that R (Dmax ) = Rmax after a given maximum number of iterations, we
terminate the algorithm.

7 Control
scheme

point

encoding

So far we have not assumed any speci c scheme
for encoding the vector between two control
points of the curve. Function r(pu pv ) needs a
speci c control point encoding scheme to compute the rate between two control points. In
this section we present a control point encoding
scheme which can be considered a combination
of an modi ed 8-connect chain code and a runlength encoding scheme. The chain code and the
run-length encoding can be combined by representing the vector between two control points by
an angle  and a run , which form the symbol

run
1
2
3
4
5
6
7

Codeword
00
010
011
1000
1001
1010
1011

run
8
9
10
11
12
13
14
15

Codeword
11000
11001
11010
11011
11100
11101
11110
11111

Table 1: Code word assignment for the runs
(length of control point vector)
(, ). For each of the possible symbols (, ) we
encode the angle and the run independently. In
this paper, we employ a logarithmic code for encoding the runs ( s), which is displayed in Table
1. Note that the longest possible run is 15.
Clearly it takes 3 bits to encode 8 equally probable directions of .  is an angle of 45 degree increments, therefore there are only 8 possible values for . In natural boundaries, the arrival direction of the vector is highly correlated
with the departure direction of the following vector. This implies that the arrival direction should
be used to predict the departure direction. We
propose to use only 2 bits for  for the 4 most
probable directions. The four directions of  are
+45o  +90o  45o  90o , where 0o is the direction
of the previous vector.  is not anymore an absolute angle but a relative angle one. Even if
we are using the 8-connect chain code for encoding arbritray vectors, all the vectors with angles
that are not multiples of 45 degree cannot be encoded. With the new scheme to encode angles we
restrict the set of codeable vectors slightly, but on
the other hand gain lower encoding rates for the
control point vectors.
The curve segment rate function r() must also
consider the case when a vector cannot be encoded. If this happens, the output is in nity,
;

r (p u  p v ) =

(

;

length of ( + ) : E~ is codeable
: E~ is not codeable

 : 2 bits, : 2 to 5 bits

1

(13)
Experiments showed that using an encoding
scheme with 4 relative angles results in the

boundary approximation with lower rates than
when we used the scheme with 8 absolute angles.
The better results were achieved with both the
polygon and the B-spline approximation.

8 Experimental results
9 Summary
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