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ABSTRACT

In this paper, we present two fast and e cient methods for
the lossy encoding of object boundaries which are given as
8-connect chain codes. We approximate the boundary by
a polygon and consider the problem of nding the polygon
which leads to the smallest distortion for a given number of
bits. We introduce two dierent approaches to nd the best
polygonal approximation when an additive distortion measure is employed. The rst approach is based on Lagrangian
relaxation and a shortest path algorithm. This scheme results in solutions which belong to the convex hull of the
operational rate-distortion curve. The second algorithm is
based on a tree pruning scheme and nds all optimal solutions. We present results of the proposed algorithms using
an object from the \Miss America" sequence.

1. INTRODUCTION

A major problem in object oriented video coding 1] is the
e cient encoding of object boundaries. There are two common approaches for encoding the segmentation information:
a lossy approach, which is based on a spline approximation of the boundary 2], and a lossless approach which is
based on chain codes 3]. The proposed boundary encoding
scheme is a lossy scheme which can be considered a combination of the spline and the chain code approaches since
the boundary is approximated by a polygon and its vertices
are encoded relative to each other. The approximation of
the boundary by a polygon is similar to the spline approach,
whereas the encoding of the vertices is achieved with a chain
code-like scheme.
The encoding of planar curves is an important problem in
many dierent elds, such as CAD, object recognition, object oriented video coding, etc.. This research is motivated
by object oriented video coding, but the developed algorithms can also be used for other applications. Chain coding
was originally proposed by Freeman 3] and has attracted
considerable attention over the last thirty years 4, 5, 6, 7, 8].
The most common chain code is the 8-connect chain code
which is based on a rectangular grid superimposed on a planar curve. The curve is quantized using the grid intersection
scheme 3] and the quantized curve is represented using a
string of increments. Since the planar curve is assumed to
be continuous, the increments between grid points are limited to the 8 grid neighbors, and hence an increment can
be represented by 3 bits. There have been many extensions
to this basic scheme such as the generalized chain codes 4],
where the coding e ciency has been improved by using links
of dierent length and dierent angular resolution. In 7] a
scheme is presented which utilizes patterns in a chain code

string to increase the coding e ciency and in 8] dierential chain codes are presented, which employ the statistical
dependency between successive links. There has also been
interest in the theoretical performance of chain codes. In 5]
the performance of dierent quantization schemes is compared, whereas in 6] the rate distortion characteristics of
certain chain codes are studied.
In this paper, we are not concerned with the quantization
of the continuous curve, since we assume that the segmentation is given with pixel accuracy. According to the 8connect chain code encoding scheme, a pixel on a boundary
is selected as the starting point of the chain code. Every future pixel can then be described as being one of the 8 closest
neighbors of the current pixel. Hence 3 bits per boundary
pixel are required to encode this incremental information
between two pixels. The string of these increments forms
the 8-connect chain code of the boundary. Most boundaries
contain many straight lines or lines with a very small curvature, which result in runs of the same increment. Therefore
a run-length encoding scheme can be used to encode the 8connect chain code even more e ciently. Clearly the larger
the number of straight lines a boundary contains, the more
e cient a chain code/run-length scheme is. This is the idea
behind some preprocessing algorithms 9] which are used
to \straighten" the boundary, i.e., these algorithms lead
to a new boundary which can be encoded more e ciently.
Clearly this preprocessing introduces an error in the boundary representation, but as long as the error is small enough,
the visual distortion is considered insigni cant. Such approaches, however have at best an indirect control of the
amount of the distortion introduced in the representation
of the boundary.
In this paper, we present an algorithm where the preprocessing step and the chain code/run-length encoding
are combined into an optimal lossy segmentation encoding scheme. The proposed approach oers complete control
over the tradeo between distortion and bit rate. Note that
this is achieved in an optimal fashion, resulting in a very
e cient encoding scheme.
In section 2. we de ne the problem and introduce the required notation. In section 3. we use Lagrangian relaxation
to derive an algorithm for nding the polygon which leads
to the smallest distortion for a given maximum bit rate.
Like every Lagrangian relaxation based algorithm, this algorithm only nds the solutions which belong to the convex
hull of the operational rate-distortion curve. In section 4.
we propose a tree pruning algorithm which can nd all solutions, i.e., it also nds solutions which do not belong to the
convex hull. In section 5. we present results of the proposed
algorithms and in section 6. we summarize the paper.

2. PROBLEM FORMULATION

The main idea behind the proposed approach is to approximate the boundary by a polygon, and to encode the polygons vertices instead of the original boundary. Since we
assume that the original boundary is represented with pixel
accuracy, it can be losslessly encoded by an 8-connect chaincode. We propose to approximate the boundary with a low
order polygon which can be encoded e ciently and also reduces some of the noise along the object boundary which is
a result of the segmentation algorithm.
The following notation will be used. Let B =
fb0  : : :  bNB ;1 g denote the connected boundary which is
an ordered set, where bj is the j -th point of B and NB is
the total number of points in B . Note that in the case of
a closed boundary, b0 = bNB ;1 . Let P = fp0  : : :  pNP ;1 g
denote the polygon used to approximate B which is an ordered set, where pk is the k-th vertex of P , NP is the total
number of vertices in P and the k-th edge starts at pk;1
and ends at pk . Since P is an ordered set, the ordering rule
and the set of vertices uniquely de ne the polygon.
We assume that the vertices of the polygon are encoded
dierentially which is for example the case when a single
ring chain code or a generalized chain code 4] is used. In
other words, only the dierence between two consecutive
vertices is encoded. We denote by r(pk;1  pk ) the required
bit rate for that, hence the bit rate R(p0  : : :  pNP ;1 ) for
the entire polygon is,
(

NP ;1

R p0  : : :  p

X
)=

NP ;1
k=0

( k;1  pk )

r p
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where r(p;1  p0 ) is set equal to the number of bits needed
to encode the absolute position of the rst vertex. In the
case of a closed boundary, i.e., the rst vertex is identical to
the last one, the rate r(pNP ;2  pNP ;1 ) is set to zero since
the last vertex does not need to be encoded. Note that this
rate depends on the speci c vertex encoding scheme and we
presented one such scheme in 10].
In general the polygon which is used to approximate the
boundary should be permitted to place its vertices anywhere
in the plane. In this paper, we restrict the vertices to belong to the original boundary (pk 2 B ), so that we can
employ a fast polygon selection algorithm. This restriction
results in the following fact, which we employ to derive low
complexity optimization algorithms.
The k-th polygon edge which connects two consecutive
vertices pk;1 and pk is an approximation to the partial
boundary fbj = pk;1  bj+1  : : :  bj+l = pk g which contains
l +1 boundary points. Therefore, we can measure the quality of this approximation by an edge distortion measure
which we denote by d(pk;1  pk ). There are several dierent
distortion measures which can be employed. In this paper
we focus on distortion measures which are additive, in other
words, the polygon distortion D(p0  : : :  pNP ;1 ) equals the
sum of the edge distortions,
(

NP ;1
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where d(p;1  p0 ) is set equal to zero. Two examples of additive distortion measures are the absolute area between
the polygon and the boundary and the sum of the squared
distance from the boundary to the polygon. In 10] we
presented a scheme where the maximum absolute distance

between a boundary point and the approximation is used as
the distortion measure. Note that this measure is not additive and therefore a dierent set of algorithms has been
proposed in 10] for this problem.
In the reminder of the paper we introduce two algorithms
which solve the following constrained optimization problem,
min D(p0  : : :  pNP ;1 ) s.t.:

R p0  : : :  p

(

NP ;1 )  Rmax 

min R(p0  : : :  pNP ;1 ) s.t.:

D p0  : : :  p

(

NP ;1 )  Dmax 

(3)
where Rmax is the maximum bit rate permitted for the
encoding of the boundary. Note that both algorithms are
symmetric in the rate and the distortion and therefore they
can also be used to solve the dual problem,
where Dmax is the maximum distortion permitted.

(4)

3. LAGRANGIAN RELAXATION APPROACH

In this section we derive a solution to problem (3) which
is based on Lagrangian relaxation and the shortest path
algorithm presented in 10]. We rst de ne the Lagrangian
cost function
 (p0  : : :  pNP ;1 ) =
D (p0  : : :  pNP ;1 ) +   R(p0  : : :  pNP ;1 )

J

(5)

where  is called the Lagrangian multiplier.
It has been shown in 11, 12] that if there is a  such
that,
fp0  : : :  pNP ;1 g = arg min J (p0  : : :  pNP ;1 )

(6)
and which leads to R(p0  : : :  pNP ;1 ) = Rmax , then
fp0  : : :  pNP ;1 g is also an optimal solution to (3). It is
well known that when  sweeps from zero to in nity, the
solution to problem (6) traces out the convex hull of the
operational rate distortion curve, which is a non-increasing
function. Hence bisection 13] or the fast
convex search we
presented in 14] can be used to nd  .
Therefore the problem at hand is to nd the optimal solution to problem (6). For a given , the weight function
w (u v ) : E ! R, which is used in the shortest path algorithm presented in 10], needs to be rede ned as follows,
(

w u v

) = d(u v) +   r(u v)

(7)

where E = f(bi  bj ) 2 B 2 : i < j g is the edge set of the
underlying graph. Since the shortest path algorithm results
in the polygon which minimizes the following sum,

X

NP ;1
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( k;1  pk )

w p

(8)

this polygon is the optimal solution to the relaxed problem
of Eq. (6).
The time complexity of the Lagrangian approach strongly
depends on the employed distortion measure. If the sum of
the squared
distance is used, then the time complexity is
(NB3 ) 10]. The above proposed approach nds the optimal solutions which constitute the vertices of the convex
hull. Clearly there are other optimal solutions which are
above the convex hull and in the next section we present a
pruning algorithm which nds all the optimal solutions.

4. PRUNING APPROACH

The second algorithm for solving the problem of Eq. (3)
is based on a tree pruning approach which nds the rate
distortion points of all optimal solutions. When the current
vertex is selected , the previous vertices do not inuence the
selection of the future vertices. This is the basic concept
behind the shortest path algorithm proposed in 10] which
we also employed for the Lagrangian relaxation approach
proposed in the previous section.
For a given boundary point under consideration for a vertex, every previous boundary point could have been the last
vertex used for the polygon approximation. Therefore, the
rate and distortion for every previous boundary point are
calculated under the assumption that the previous boundary point was used as the previous vertex. These calculations lead to a set of nodes, each representing the hypothesis
that the current boundary point is a vertex but with dierent boundary points as previous vertices.
We can introduce a pruning procedure to reduce the number of nodes for each boundary point. If there are two
nodes j and i such that D(j )  D(i) and R(j )  R(i),
where D(n) is the distortion and R(n) is the rate up to
and including node n, then it is clear that node j cannot
belong to the optimal solution. This follows since node i
has a lower distortion and a lower rate than node j , but
both represents the same boundary point as selected vertex. Hence node j is pruned from the decision tree. Since
the pruned nodes need not be considered in the future of the
optimization process, the more nodes pruned, the faster the
algorithm will perform. A straightforward implementation
of the pruning operation has a quadratic time complexity
in the number of nodes to be pruned. Since the number
of nodes to be pruned depends on previous pruning results,
the time complexity of the entire approach depends on the
boundary, the distortion measure and the vertex encoding
scheme. As with most integer programming algorithms, one
can construct an example where the pruning scheme fails
completely, which results in an exponential time complexity.
In general though, the pruning is extremely e cient in cutting down the complexity of the algorithm and in fact, this
scheme and the previously discussed Lagrangian approach
take about the same amount of time for the experimental
results we will present in section 5.. If the complete set of
optimal rate distortion points is not of interest, but only
the problem of Eq. (3) needs to be solved, additional pruning can be achieved by removing all nodes which contain
a rate higher than Rmax . This leads eectively to all optimal rate distortion points below and including the line
R(D ) = Rmax .
Each of the remaining nodes represents the current
boundary point, but with dierent rate-distortion characteristics. In other words, the remaining nodes represent
the set of all optimal solutions for the encoding of the
boundary up to and including the current boundary point.
These nodes make up the admissible nodes for this boundary point, when this boundary point is considered as a previous vertex in the future of the optimization process.
Fig. 1 shows a simple example of the algorithm. In the
left upper corner is the boundary which must be encoded.
The adjacent pixels are labeled 0, 1, 2, 3 and 4 and they
simply form a square of sidelength 1. Note that point 4
is the same as point 0, and therefore it does not need to
be transmitted, but still a distortion occurs between the
last vertex of the polygon and point 4 and it is therefore
included in the closed boundary. Fig. 1 shows the com-

plete decision tree. This tree reects the fact that given the
boundary point used as the previous vertex, the rate and
the distortion for encoding the polygon up to and including
that vertex, the selection of future vertices is independent
of the selection made for previous vertices. In Fig. 1 the
boundary point index, the rate and the distortion are indicated in the following fashion: \index/rate/distortion". In
this example, the sum of the squared distance between the
boundary and the polygon is used as the distortion measure and the vertex encoding scheme proposed in 10] is
employed.
There are two possible transitions from a given node. The
upward transition, which indicates that this node is used as
a previous vertex and the downward transition which indicates that this node is not used as a previous vertex. The
downward transitions carry a weight of zero, but the upward transitions result in the addition of r (previous vertex,
current vertex) to the rate and d (previous vertex, current
vertex) to the distortion. Note that the employed vertex
encoding scheme requires 4 bits for each transition in this
example. The epochs, which correspond to the boundary
points, are indicated at the bottom of the tree. The boxes
indicate the new nodes per boundary point and therefore
the pruning procedure is only applied to those nodes.
Consider the box at epoch 3. There are two nodes, (both
with description 3/8/0.5) which require the same rate and
lead to the same distortion to reach boundary point 3.
Therefore one of the two can be pruned (indicated by an
empty circle) since both will lead to the same collection of
future paths. By pruning a node, the collection of future
paths gets reduced. Clearly, the more nodes that can be
pruned, the faster the algorithm is.
At the last epoch, boundary point 4, 3 nodes can be
pruned and only 4 nal nodes remain which represent the 4
optimal solutions to the boundary approximation. These 4
optimal solutions are also displayed as an operational rate
distortion curve in the lower left corner of Fig. 1. The path
(0,1,2,3,4) which leads to 12 bits and no distortion is the
highest quality approximation which is basically the chain
code of the original boundary. The path (0,1,2,2,4) approximates the box by a triangle which requires 8 bits and leads
to a distortion of 0.5. The path (0,0,2,2,4) approximates
the box by a diagonal line which requires 4 bits and leads
to a distortion of 1. Finally the path (0,0,0,0,4) does not require any bits, since it approximates the box by its starting
point, but it leads to a maximum distortion of 4.

5. EXPERIMENTAL RESULTS

In this section we present results of the proposed algorithms
using an object from the \Miss America" sequence which
is shown in Fig. 2. The mean squared distance is the distortion measure and the vertex encoding scheme is the one
presented in 10]. To highlight the dierence between the
two approaches, we set Rmax from Eq. (3) to 200 bits. In
Fig. 3 the operational rate distortion curve is displayed
and the possible Lagrangian solutions are indicated. The
Lagrangian solution which satis es R  200 bits results in
R = 169 bits and D = 0:1, (for a  = 0:002), whereas the
pruning approach results in R = 200 bits and D = 0:05.
Both solutions are shown in Fig. 2 and it is clear that the
pruning approach results in a better approximation of the
original boundary.

6. SUMMARY

We presented two dierent approaches for an optimal segmentation encoding scheme in the rate distortion sense for

additive distortion measures. The main advantage of these
schemes is the complete control of the optimal trade-o
between the rate and the distortion. The rst approach
is based on Lagrangian relaxation and a shortest path algorithm whereas the second approach is based on a treepruning scheme. We compared the proposed approaches
experimentally using an object from the \Miss America"
sequence.
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